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Abstract

This article investigates how reciprocal form and force polyhedrons can be used to develop procedures for the design
of three-dimensional trusses and funicular structures, analogous to the well-known techniques of graphic statics for
two-dimensional structural systems. It demonstrates how global equilibrium of a system of forces can be established
by constructing a closed force polyhedron, if the forces can be replaced by a resultant force alone, without a resultant
couple. It also describes the three-dimensional equivalent of the “closing string,” which is the basis in graphic statics for
the construction of funicular solutions for given loads and support locations. Furthermore, it provides a procedure for
constructing a constrained funicular form for a simple, determinate boundary condition. Finally, it discusses some of the
difficulties involved with similar constructions and procedures for non-concurrent forces and in particular with those

systems of forces that can only be replaced by a resultant force and couple.
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Introduction

Graphic statics is a method for finding efficient struc-
tural forms using geometric operations. Traditional (two-
dimensional (2D)) graphic statics includes a collection of
geometric construction techniques and procedures that
have been used, researched, and developed since the late
18th century. Examples of these procedures can be found
in previous works.!-10

The procedures of 2D graphic statics are based on the
2D reciprocal relationship of form and force diagrams. This
reciprocity provides the designers an unprecedented, intui-
tive control in the design of complex, yet efficient, struc-
tural forms and their internal force distribution at initial
stages of the design process using only geometric construc-
tions. However, form finding with graphic statics is primar-
ily 2D. The capability of these 2D methods in dealing with
three-dimensional (3D) problems is quite limited.

In this article, we investigate the possibility of using
reciprocal form and force polyhedrons, rather than form
and force polygons, as the basis for a form-finding (and

analysis) methodology for spatial funicular structures that
is analogous to the methods of graphic statics for 2D struc-
tural systems (Figure 1). This investigation is a continua-
tion of previous work by the authors in which they
illustrated and clarified Rankine’s!! “Principle of
Equilibrium of Polyhedral Frames” (Figure 2) and showed
how polyhedral form and force diagrams could be used to
explore the geometry of both determinate and indetermi-
nate spatial systems of forces.!>!3

In section “Global equilibrium of 2D system of forces
using funicular constructions,” we identify the main steps
of the well-known geometric procedure for establishing
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Figure I. 2D versus 3D funicular solutions and their
corresponding force diagrams: (a) a 2D funicular solution
constrained to the given boundary conditions, the result of
using 2D graphic statics; (b) a force diagram representing the
magnitude of the forces in the 2D funicular form; (c) three-
dimensional funicular form resulted from the methods of

3D graphic statics proposed in this article; and (d) the force
polyhedron representing the magnitude of the forces in its
corresponding form.
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Figure 2. Rankine’s principle of the equilibrium of polyhedral
frames: (a) planes drawn perpendicular to the bars of a

spatial frame constitute an open polyhedron diverging from

a point, (b) the closing face of that polyhedron represent the
direction (normal to the face) and the magnitude of the force
(area of the face) that keeps the internal forces of the bars in
equilibrium, and (c) tubular representation of the forces in each
bar corresponding to the areas of the reciprocal polyhedron.'2

global equilibrium of a 2D system of forces using the
funicular polygon. In section “Global equilibrium of 3D
system of forces using funicular constructions,” we
describe an equivalent procedure using reciprocal polyhe-
drons for two specific types of spatial systems of forces:
concurrent forces and parallel forces. In section “Funicular

form finding for a given boundary condition and applied
loads,” we present a procedure for constructing a con-
strained funicular form for a simple, determinate boundary
condition. In section “Discussion and future work,” we
discuss the difficulties involved in dealing with more com-
plex boundary conditions and non-concurrent loads.

Global equilibrium of 2D system of
forces using funicular constructions

In traditional (2D) graphic statics, the edges of the form and
the force diagrams are typically drawn parallel to each other.
In this article, we draw the edges of the 2D form and force
diagrams perpendicular to each other to be consistent with
the 3D version of graphic statics that is based on the recipro-
cal relationship between the edges of the form and the faces
of the force diagram. This relationship is meaningful only if
the corresponding members are perpendicular.

To find the global equilibrium for a 2D system of forces,
we need to find the magnitude, direction, and the line of
action of the resultant of the forces. Adding a force to the
system which is equal in magnitude and opposite in direc-
tion with the resultant globally equilibrates the system. This
added force is sometimes called “anti-resultant,” since it
has the same magnitude as the resultant but opposite direc-
tion. The global equilibrium of a 2D set of forces can be
translated geometrically into the following conditions:

e The force polygon of the system must be closed and
the sense going around it must be continuous (trans-
lation equilibrium);

e The funicular polygon constructed on the line of
action of the forces must be closed (rotational
equilibrium).?

The following paragraphs explain the process of finding
global equilibrium for the given set of forces of Figure 3(a).

Constructing a closed force polygon

In the 2D system of forces of Figure 3(a), drawing the
force vectors with their lengths corresponding to their
magnitudes and perpendicular to their line of action, suc-
cessively at the end of each other, constructs an open force
polygon (Figure 3(b)). This open polygon can be closed by
connecting the start point to its end point. The closing edge
of the force polygon (blue) represents the magnitude and
the direction of the resultant force that can substitute the
forces in the system, and therefore, it can keep the system
in global equilibrium if applied in the reversed direction.

Constructing a closed funicular polygon

The force polygon can be decomposed to an arbitrary
point p, ..., and consequently, the funicular polygon can be
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Figure 3. Finding the resultant force using funicular
construction for forces F, to F, : (a) the force system including
the funicular polygon and the line of action of the resultant and
(b) the corresponding force polygon closed by the resultant
edge.

constructed using trial construction’ (Figure 3(b)). The
vertices of the funicular polygon (dashed) lie on the line of
action of the forces in the system, and each edge of the
funicular polygon is perpendicular to its corresponding
edge of a triangle in the decomposed force polygon (Figure
3(a) and (b)). The construction of the funicular polygon
defines the location of the (anti-)resultant force; for
instance, the edges 3 and 4 of the funicular polygon inter-
sect at a point where the line of action of the resultant force
should be applied (Figure 3(a)). Therefore, using geomet-
ric constructions, it is possible to find the magnitude,
direction, and the location of the line of action of a force
that globally equilibrates the system.

Global equilibrium of 3D system of
forces using funicular constructions

It is possible to find the global equilibrium for 3D system
of forces using only geometric constructions; the funicular
polygon and the force polygon have their equivalent in 3D
graphic statics as the funicular polyhedron and the force
polyhedron. Constructing the funicular polyhedron and the
force polyhedron for a system of forces in 3D requires fur-
ther explanation of the possible combination of the forces
in 3D funicular, polyhedral constructions.

Loading conditions in 3D reciprocal polyhedra

The funicular, polyhedral construction is based on “The
Principle of Equilibrium of Polyhedral Frames.”!-13
According to this principle, both form and force polyhe-
drons consist of planar faces. Therefore, a 3D system of
forces described by this principle includes a group of
planes, the intersections of which represent the direction of
the applied loads. Figure 4 illustrates various allowed con-
figurations of 3D force systems including parallel, concur-
rent, and non-concurrent forces.

In this article, we provide procedures to find the global
equilibrium by constructing force polyhedron and funicular

Figure 4. (a) Single, (b) coplanar, (c) parallel, (d) concurrent,
and (e) non-concurrent system of applied loads in 3D
reciprocal polyhedra.

polyhedron for parallel and concurrent forces of Figure 4(c)
and (d). To find the global equilibrium of the non-concur-
rent system of forces (Figure 4(¢)) and the combination of
all the possible loading cases, please visit the discussions in
section “Discussions and future works.”

Conditions of equilibrium in 3D

Equivalent to the 2D case, to find the equilibrium of a 3D
system of forces, it suffices to show that the system has a
closed force polyhedron and a closed funicular polyhe-
dron. Therefore, the following steps are necessary:

e Constructing a closed force polyhedron for the
applied loads;

e Decomposing the force polyhedron to a group of
force tetrahedrons;

e Constructing funicular polyhedron using the
decomposed force polyhedron;

e Finding the location of the line of action of the
(anti-)resultant to equilibrate the system.

Similar to 2D, an open force polyhedron can be closed
by adding an additional force with a face perpendicular to
the direction of the (anti-)resultant. The magnitude and the
line of action of this force can be found through funicular,
polyhedral construction.

Concurrent forces

In a previous study, Akbarzadeh et al.'* showed the con-
struction of global equilibrium for a given boundary condi-
tions and simple example where the resultant face was
constrained to the given boundary conditions. However,
their process of finding the global equilibrium did not
include the construction of a force polyhedron correspond-
ing to the applied loads, its decomposition, and the funicu-
lar polyhedral construction to find the line of action of the
resultant. In fact, the line of action of the resultant was
found separately and fed to the process. To generalize and
therefore complete their proposition, the following sec-
tions will explain the process of finding the equilibrium
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Figure 5. (2) Concurrent set of forces, (b) the construction

of the open force polyhedron, (c) the direction of the resultant
and the resultant plane, (d) the intersection of the resultant
plane and the faces of the open force polyhedron, (e) the closed
force polyhedron, (f) decomposing the force polyhedron, (g)
funicular polyhedron, and (h) the faces of the force polyhedron
corresponding to the edges of the funicular polyhedron.

using polyhedral construction for a concurrent and a paral-
lel system of forces in 3D.

Figure 5 summarizes all the necessary steps to find the
equilibrium condition for a concurrent system of forces in
3D, using funicular, polyhedral construction. It therefore
describes the procedures to find the magnitude, direction,
and the line of action of the resultant force to keep this
system in equilibrium.

Constructing a closed force polyhedron. Figure 5(a) illus-
trates a system of concurrent forces F;, F;, and F,. To
construct the force polyhedron, start from an arbitrary

point v/ in 3D and draw lines perpendicular to the faces
shared by the forces in the concurrent system (with the
directions mn,,, n,, and n ). This creates an open tetrahe-
dron consisting of three open faces diverging from the
point v!. Each open face of this open tetrahedron is per-
pendicular to an applied force in the system (Figure 5(b)).
To close this open tetrahedron, add a face perpendicular to
the direction of the resultant R by simply intersecting the
faces with a plane perpendicular to the resultant that is
called the resultant plane (Figure 5(c) and (d)).

The added face closes the force polyhedron and defines
the scale and the edges of the triangular faces whose areas
correspond to the magnitude of the force F;_,. Consequently,
the faces of the closed force polyhedron are perpendicular
to the applied forces and their resultant, and the area of
each face represents the magnitude of the corresponding
force in the system (Figure 5(e)).

Decomposing the force polyhedron. In 2D, a force polygon
can be decomposed into a group of force triangles by con-
necting its vertices to an arbitrary chosen point p,,, (Fig-
ure 6(a)); the decomposed force polygon of Figure 6(a)
includes small force triangles with an edge corresponding
to an applied load representing nodal equilibrium (Figure
6(b)) and a force triangle that includes the resultant force
representing global equilibrium (Figure 6(c)).

Similarly, a force polyhedron can be decomposed into a
group of force tetrahedrons by connecting its vertices to an
arbitrary point p;, (Figure 5(f)); the decomposed force
polyhedron, therefore, includes small tetrahedral cells with
a face corresponding to an applied load (Figure 6(e)) and a
bigger tetrahedron with a face corresponding to the result-
ant force (Figure 6(f)).

Constructing a funicular polyhedron. Once the force polyhe-
dron is constructed and decomposed into tetrahedral cells,
a funicular polyhedron can be constructed accordingly.
The construction process shown in Figure 5(g) and (h) is
as follows:

e Pick an arbitrary point on the line of action of the
applied load F,.

e From the chosen point, draw a line which is per-
pendicular to face 1 and intersects the line of
action of F.

e From the recently found intersection point, draw a
line which is perpendicular to face 2 of the force poly-
hedron intersecting the line of action of the force F..

e Drawing a line from the latest intersection on the
line of action of F; perpendicular to face 3 inter-
sects the line of action of F, exactly at the starting
point.

e The lines drawn from the intersection points per-
pendicular to faces 4, 5, and 6 intersect each other
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Figure 6. (a) A decomposed force polygon, (b) the force
triangles corresponding to the applied loads representing nodal
equilibrium, (c) force triangle corresponding to the resultant
force representing global equilibrium, (d) a decomposed force
polyhedron, (e) the force tetrahedrons corresponding to the
applied loads (nodal equilibrium), and (f) the force tetrahedron
corresponding to the resultant force (global equilibrium).

and complete the funicular polyhedron. The point
of intersection of these lines also defines the loca-
tion of the line of action of the resultant force R.

Therefore, through geometric operations, it is possible
to find the direction, magnitude, and the line of action of
the resultant for a concurrent system of forces in 3D. If
applied in the opposite direction, this force can keep the
system of concurrent forces in equilibrium.

Parallel forces

The system of parallel forces in 3D can be considered as a
special case of concurrent forces were the forces intersect
at infinity. Figure 7(a)—(j) describes the geometric steps to
find the equilibrium of a parallel system of forces using
funicular polyhedral construction. According to “The
Principle of Equilibrium of Polyhedral Frames” and the
previous example, the faces of the force polyhedron are
perpendicular to the direction of the forces in the system.
Therefore, the faces of the force polyhedron corresponding
to the parallel system of forces of Figure 7(a) are coplanar
(Figure 7(b)).

Figure 7. (a) Parallel set of applied loads, (b) open force
polyhedron with coplanar faces, (c) finding the location of the
resultant using crossing method, (d) connecting the applied
loads and the resultant by picking an arbitrary point on the
resultant, (e) finding the resultant plane, (f) finding the edges
of the force polyhedron, (g) the faces of the closed force
polyhedron, (h) force polyhedron decomposition, (i) funicular
polyhedron, and (j) the construction order of the funicular
polyhedron.
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Constructing a closed force polyhedron. To find the edges of
the force polyhedron, we need to find the location of the
resultant force prior to the funicular construction. The
location of the resultant can be found geometrically using
the crossing method, or through two funicular construc-
tions on a plane perpendicular to the applied forces.> It
can also be calculated as the weighted barycenter of the
applied loads.

The parallel forces intersect at infinity with the line of
action of the resultant. Therefore, the projection of this
intersection on the resultant plane includes lines passing
through the applied forces and intersecting with the line of
action of the resultant at the point x (Figure 7(d)).

These lines are named with their directions as n;_, .
Planes drawn at the edges of the open force polyhedron of
Figure 7(b), perpendicular to the directions n;_,, inter-
sect with the resultant plane. These intersections define
the edges of the force polyhedron. Note that the volume of
the force polyhedron in this case is zero, since the result-
ant face is coplanar with the faces of the applied loads

(Figure 7(g)).

Constructing a funicular polyhedron. Once the closed force
polyhedron is constructed, it should be decomposed simi-
lar to the 2D example and the concurrent case of Figure
7(h). The funicular polyhedron can therefore be con-
structed similar to the concurrent case of Figure 7(i)and
(j). Note that the edges of the funicular polyhedron inter-
sect at the line of action of the resultant.

Funicular form finding for a given
boundary condition and applied loads

In 2D graphic statics, the form diagram is constrained to the
support locations and passes through the line of action of the
applied loads (Figure 8(a)). The force diagram for the speci-
fied boundary conditions, on the other hand, is constrained
to a line / which is perpendicular to the line connecting two
support locations referred to as the closing string (Figure
8(b)). Moving the point p on the line / results in various
funicular solutions that are constrained to the given bound-
ary conditions.

In 2D graphic statics, finding these constrained form
and force diagrams for the specified boundary conditions
includes the following geometric procedures:?

e Constructing a closed force polygon for the given
loading condition;

e Finding the location of the line / through trial
funicular construction;

e Decomposing the force polygon to a point on the
line /;

e Constructing the funicular form using the direction
of the edges of the force polygon.

| Yn

a) b)

Figure 8. (a) Two-dimensional funicular form constrained to
the line of action of the applied loads and the support locations
and (b) the corresponding force polygon is constrained to

a line | perpendicular to the line connecting the support
locations.

The following examples describe the geometric process
of finding funicular form for a determinate boundary condi-
tion consisting of three support locations in 3D. The first
example specifically chooses each support location copla-
nar with an applied load and the resultant, whereas the other
example describes the form-finding process for the support
locations that are placed arbitrarily around the applied loads
in the 3D space.

Support locations coplanar with an applied load
and the resultant force

In this example, the location of each support has been con-
strained to a plane passing through at least one applied
force and the line of action of the resultant (Figure 9(a)).
The force polyhedron of this example is identical to the
force polyhedron of Figure 5(e), where the line of action of
the resultant is found using funicular construction
explained in section “Concurrent forces.”

In 2D, the trial force polygon is used to construct the
trial funicular polygon and to define the location of the line
/. Similar technique can be used to find the line / in 3D by
constructing the trial funicular polyhedron. The force pol-
yhedron of Figure 9(b) can be decomposed to an arbitrary
point p,., (Figure 9(d)); the result is called the frial force
polyhedron which is the equivalent of the trial force poly-
gon in 2D graphic statics.

The funicular polyhedron can then be constructed
through the following steps: pick a point A4, on a line
parallel to the resultant and passing through the support
A4; from 4, , draw a line perpendicular to face 1 inter-
secting the line of action of the force F,; continue the
drawing process until the trial funicular polyhedron is
completed (Figure 9(e) and (f)). This trial funicular poly-
hedron passes through the line of action of the applied
forces and is constrained to the parallel lines passing
through the supports.

The 3D equivalent of the “closing string” in 2D graphic
statics is a line connecting the support locations A,
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Figure 9. Construction of a trial funicular polyhedron for a
concurrent set of loads and three support locations coplanar
with the resultant and the applied loads: (a) the support
locations and their planes, (b) the reciprocal force polyhedron,
(c) the line of action of the resultant, (d) decomposition of the
force polyhedron, (e and f) funicular polyhedral construction,
(g) drawing the closing string connecting the support locations,
and (h) drawing line [ from point p,;, and its intersection with
the resultant face x.

B, and Cy, . This line establishes a closed polygon
called the closing plane with a normal n, (Figure 9(g)).!*
In fact, the trial force polyhedron is constrained to a line
Iy parallel to the normal n,, drawn from the trial point
Duia- This line intersects the resultant face at a point x
which remains fixed for any arbitrarily chosen point p,,.
This property that has exact equivalent in 2D graphic stat-
ics hints to the fact that any other force polyhedron con-
structed by an arbitrary p,;, is therefore constrained to a
line that certainly passes through the point y .>4

In fact, there exists a force polyhedron constrained to a
line / that is perpendicular to the closing plane connecting
the points A4, B, and C and passes through the point x.
Therefore, the line / can be drawn from the point x paral-
lelto n, of the closing plane (Figure 10(a) and (b)). Picking
apoint p onthe line / canresult in a force polyhedron for
a funicular solution that passes through the applied loads
and is constrained to the support locations 4, B, and C
(Figure 10(c) and (d)). Moving the point p on the line /
results in various (compression or tension) funicular forms
and their corresponding force distribution for the given
boundary conditions (Figure 10(c) and (f)).

Support locations arbitrarily chosen around the
applied loads

Consider a case where the support locations are arbitrarily
chosen around the applied forces (Figure 11(a)). Note that
to find a spatial funicular form for the given support condi-
tions, the loads must be applied within the area bounded by
the support locations. According to Akbarzadeh et al.,'? the
edges of the form diagram in 3D reciprocal polyhedra
share planar open/closed faces. Therefore, the edges of the
funicular solution must be on the planes passing through
the support locations and the applied loads. These planes
are named with their normal direction as n,,, n,, n o N
n ,and n, (Figure 11(c)).

The force polyhedron for this example is not unique
(geometrically indeterminate). To construct a force distri-
bution for the given boundary conditions, we can start
from the closed force polyhedron of Figure 11(b). Draw
lines perpendicular to the planes passing through the sup-
port locations from the vertices v/, v;, and v! of the force
polyhedron. These lines intersect at the vertices v}, v;, and
v, and therefore construct faces corresponding to the
applied loads and the given boundary conditions (Figure
11(d) and (f)). To find the line /, we can use the techniques
described in section “Support locations coplanar with an
applied load and the resultant force” (Figure 11(g) and (h)).
Once the line / is defined, the faces of the force polyhe-
dron can be decomposed into a point on the line / (Figure
11(j)), and a funicular form can be constructed that is con-
strained to the boundary conditions.

p°
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Figure 10. Construction of the constrained funicular form: (a)
constructing the closing plane and finding its normal direction,
(b) drawing line | parallel to the normal of the closing plane,

(c and d) constructing a compression-only funicular form by
decomposing the force polyhedron to the point p on |, and (e
and f) moving the point p on I results in tension-only funicular
form and its corresponding force polyhedron.

Discussion and future work

This article investigated how polyhedral reciprocal form
and force diagrams can be used to develop a 3D graphical
method that provides step-by-step procedures for solving
fully spatial structural design problems, similar to the
graphic statics procedures for 2D systems of forces. As a
first step, it provided procedures for establishing global
equilibrium for given boundary conditions and for con-
structing funicular solutions for parallel loads. The impor-
tance of the “closing plane” and the “point X” was also
discussed in this context.

h) v

Figure I1. Funicular form finding for the support locations
freely chosen around the applied loads: (a) the concurrent

set of loads and the given support locations, (b) closed force
polyhedron for the applied loads, (c) planes passing through the
applied loads and the support locations, (d) constructing the
force polyhedron for the given boundary condition, (e and f)
the faces of the force polyhedron corresponding to the applied
forces surrounded by the support locations, (g and h) process
of finding the line constraint, and (i and j) the funicular form
and force polyhedron for the given boundary conditions.
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Figure 12. (a) Multiple concurrent applied loads and their
shared faces and (b) the reciprocal, closed force polyhedron.

It is important to note that a 3D structural design method
based on polyhedral form and force diagrams has the
inherent limitation that it can only address structural prob-
lems that can be represented by these kinds of diagrams.
Maxwell® provides a mathematical description of this
limitation.

In addition, the provided procedure for constructing
funicular solutions for given boundary conditions is cur-
rently limited to simple configurations of concurrent and
parallel loads. In the following paragraphs, we discuss
some of the difficulties of dealing with more complex
loading conditions and with non-concurrent loads.

On the geometric degrees of freedom of the
force polyhedron

This article mainly describes the geometric procedures for
very simple parallel and concurrent loading cases. These
procedures can be easily applied for multiple applied
forces and their shared faces. Figure 12(a) illustrates mul-
tiple concurrent applied loads including their shared adja-
cent faces and a reciprocal force polyhedron constructed
using the methods presented in this article (Figure 12(b)).

The force polyhedron for this case is not unique; it
means that the edge lengths of the faces of the force poly-
hedron can be changed without changing the direction of
the edges/faces. This property is due to the fact that the
force polyhedron is geometrically indeterminate or it has
geometric degrees of freedom.

Note that a change in the length of an edge alters the
area of its adjacent faces. Since the area of each face cor-
responds to the magnitude of an applied force in the sys-
tem, the change in the area of each face affects the areas of
the adjacent faces and therefore the magnitude of the
applied forces in the system (Figure 13(a) and (b)).
However, we can use a meter to ensure that the direction of
the resultant of all these forces stays constant; the closing
face of the force polyhedron is perpendicular to the result-
ant force in the given system and is calculated by adding
the lengths of the applied forces. Therefore, any change in

a)

Figure 13. (a) A closed force polyhedron as a starting
polyhedron constructed using the geometric procedures
presented in this article and (b) another force polyhedron with
different edge lengths and face areas highlighting the geometric
degrees of freedom of the starting force polyhedron.

a) b) Piia
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©) d) Poa

Figure 14. (a) A closed funicular polyhedron for the starting
force polyhedron, (b) a decomposed force polyhedron, (c) a
funicular polyhedron for the modified force polyhedron, and
(d) the force polyhedron with the different edge lengths.

the edge lengths and areas of faces of the force polyhedron
does not change the direction of the resultant face (Figure
13(a) and (b)).

We can use both force polyhedrons to find the global
equilibrium of the given force system by constructing closed
funicular polyhedron (Figure 14(a)—(d)). Figure 14(a)—(d)
shows that regardless of the change in the areas of the force
polyhedron, they both result in a closed funicular polyhe-
dron for the given loading condition. Moreover, both funic-
ular polyhedrons specify the same location for the line of
action of the resultant force. It is worth mentioning that the
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geometric degrees of freedom of the force polyhedron allow
redistribution of the forces in the nodal equilibrium that can
be addressed in future research.

Non-concurrent forces

This article provided the procedures to construct global
equilibrium only for parallel and concurrent loading
cases. These forces can be replaced by a single resultant
force, and therefore, their force polyhedron can be closed
with a single resultant face. The non-concurrent loading
conditions, on the contrary, cannot be replaced with a
single resultant face, and therefore, the process for con-
structing their reciprocal, closed force polyhedron
requires further steps which is beyond the scope of this
article and will be addressed in future research and
publications.

Moreover, the use of 3D reciprocal diagrams in funicu-
lar form finding is not limited to compression/tension-only
systems and can be used for design and analysis of com-
plex structural systems including compression and tensile
forces that will also be addressed in future research and its
relevant publications.

Nevertheless, the geometric procedures described in
this article provide sufficient means to generate complex
funicular solutions, especially in combination with the
polyhedral subdivision techniques that were addressed in
another publication by Akbarzadeh et al.!s

Given the fact that the methods of 2D graphic statics are
used and researched in multiple aspects after almost
200 years from its original development, the 3D equivalent
of these methods promises years of development and
research in the field of 3D funicular form finding and geo-
metric optimization.

Declaration of conflicting interests

The author(s) declared no potential conflicts of interest with
respect to the research, authorship, and/or publication of this
article.

Funding

The author(s) received no financial support for the research,
authorship, and/or publication of this article.

References

1. Varignon P. Nouvelle mechanique ou statique. Paris: C.
Jombert, 1725.

2. Culmann K. Die Graphische Statik. Ziirich: Verlag Meyer
& Zeller, 1864.

3. Maxwell JC. On reciprocal figures, frames and diagrams of
forces. Philos Mag 1870; 27(180): 250-261.

4. Cremona L. Graphical statics: two treatises on the graphi-
cal calculus and reciprocal figures in graphical statics.
Oxford: Clarendon Press, 1890.

5. Wolfe WS. Graphical analysis: a text book on graphic stat-
ics. New York: McGraw-Hill Book Company, Inc., 1921.

6. Bow RH. Economics of construction in relation to framed
structures. London: Spon, 1873.

7. Van Mele T, Lachauer L, Rippmann M, et al. Geometry-
based understanding of structures. J Int Assoc Shell Spat
Struct 2012; 53(4): 285-295.

8. Beghini LL, Carrion J, Beghini A, et al. Structural optimiza-
tion using graphic statics. Struct Multidiscip O 2014; 49(3):
351-366.

9. Fivet C and Zastavni D. Constraint-based graphic statics:
new paradigms of computer-aided structural equilibrium
design. J Int Assoc Shell Spat Struct 2013; 54(4): 271-280.

10. Akbarzadeh M, Van Mele T and Block P. Compression-
only form finding through finite subdivision of the external
force polygon. In: Proceedings of the IASS-SLTE sympo-
sium 2014 (ed Obrebski JB and Tarczewski R), Brasilia,
Brazil, 15-19 September 2014.

11. Rankine M. Principle of the equilibrium of polyhedral
frames. Philos Mag 1864; 27(180): 92.

12. Akbarzadeh M, Van Mele T and Block P. Equilibrium
of spatial structures using 3-D reciprocal diagrams. In:
Proceedings of the International Association for Shell and
Spatial Structures (IASS) symposium (ed JB Obrebski and
R Tarczewski), Wroclaw, 23-27 September 2013.

13. Akbarzadeh M, Van Mele T and Block P. On the equilib-
rium of funicular polyhedral frames and convex polyhedral
force diagrams. Comput Aided Design 2015; 63: 118-128.

14. Akbarzadeh M, Van Mele T and Block P. 3D graphic statics:
geometric construction of global equilibrium. In: Proceedings
of the International Association for Shell and Spatial Structures
(IASS) symposium, Amsterdam, 17-20 August 2015.

15. Akbarzadeh M, Van Mele T and Block P. Spatial com-
pression-only form finding through subdivision of exter-
nal force polyhedron. In: Proceedings of the International
Association for Shell and Spatial Structures (IASS) sympo-
sium, Amsterdam, 17-20 August 2015.





