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Abstract 

This research describes the form finding and structural analysis of a prefabricated, concrete polyhedral 
structure designed by the use 3D graphic statics based on reciprocal polyhedral diagrams (3DGS). The 
form is a self-supporting, funicular polyhedral geometry with both compression and tension members 
Fiber reinforced, self-compacting, lightweight concrete is used to construct the members and the joints. 
The structure can be considered as the first built prototype designed based on the principles of the 
equilibrium of polyhedral frames (Rankine [22]) and the methods of 3D graphical statics as the recent 
development of this principle. 

Keywords: Funicular polyhedral frames, concrete spatial structure, 3D graphic statics, form finding, prefabricated concrete 
construction, equilibrium of polyhedral frames. 

1. Introduction 

Either used as an analogue tool or paired with computational and optimization techniques, Geometric structural 
design methods, known as graphic statics (GS), are considered as one of the most powerful design techniques by 
many researchers and structural designers since early nineteenth century (Maxwell [15]; Rankine [21]; Culmann 
[10]; Cremona [9]; Anderson [6]; Van Mele et al. [24]; Beghini et al. [7]; Ohlbrock et al. [19]; Akbarzadeh et al. 
[2]; Lee et al. [13]). The resulting structures designed using GS methods are exemplary for structural efficiency, 
expressive forms, and their minimal use of materials (Fivet and Zastavni [11]; Van Mele et al. [25]). GS methods 
mainly fall into three following categories; 2D, 2.5D, and 3DGS methods. 

1.1.  2DGS and its 2D resulting form 

2DGS methods that are based on reciprocal polygonal diagrams were originally proposed by Maxwell [14] and 
developed by Culmann [10], Cremona [9], and many others (Wolfe [26]). Although their resulting structural forms 
are limited to 2D concepts, 2DGS methods were used by many eminent engineers and designers such as 
Guastavino, Maillart, Eiffel, Nervi, Dieste in their masterpieces (Zastavni [27]; Anderson [6]). 

1.2.  2.5DGS and its 3D resulting forms 

Thrust Network Analysis (TNA) (Block [8]) is a 2.5DGS method that is based on reciprocal polygonal diagrams 
and force density method [21]. This powerful method provides an unprecedented control in the design of 3D 
funicular shells. It is called 2.5DGS, for the method uses 2D polygonal reciprocal diagrams and the resulting shells 
are basically heightfields. Armadillo vault is a masterpiece designed using TNA (Van Mele et al. [25]). 

1.3.  3DGS and its 3D resulting forms 

There are various developments of 2DGS in three dimensions; the methods that are based on projective geometry 
and were mainly developed by Föpple [12]. These methods can be used to analyze determinate 3D truss systems, 
but the complexity of the projective drawings can make it quite counter-intuitive for designers. Another 3DGS 
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method is based on reciprocal (non-planar) polygonal diagrams proposed by Maxwell [15; 16]. There are recent 
developments in the use of these methods based on Combinatorial Equilibrium Modelling (CEM) as suggested by 
Ohlbrock et al. [19]. 

The third category of 3DGS that has been recently developed is based on reciprocal polyhedral diagrams originally 
proposed by Rankine in 1864 (Rankine [22]; Akbarzadeh et al. [4]; Akbarzadeh [1], McRobie [18]). This method 
is the equivalent of the existing methods of 2DGS, for the reciprocal polygonal diagrams of 2DGS are principally 
the planar projection of the reciprocal polyhedral diagrams. This approach provides a new horizon in the design 
and construction of 3D funicular forms that only their 2D examples were previously explored. 

1.4.  Problem statement and objectives 

Although GS methods allows exploring variety of structural solutions that are in static equilibrium, it does not 
include material properties in the design process. Therefore, materializing the GS concepts is an important step 
towards the application of these methods in construction. Moreover, nothing better than a built prototype can 
inform designers of the structural behavior of the concept, especially if it has recently been developed. 

3DGS based on reciprocal polyhedral diagrams is a promising method of form finding in three dimensions. 
However, like many other theories that are backed by physical experiments, this method must be attested by 
physical manifestations. Moreover, physical prototypes will result in better-informed GS concepts with respect to 
material properties. 

Therefore, the main objective of this research was to build a physical prototype based on 3DGS methods to: 

 apply the theory in design and construction of spatial funicular forms; 
 open new directions of research in realization of such concepts by investigating material properties, 

fabrication techniques, and structural behavior. 
 

2. Methodology 

This section will explain the form finding and materialization of the structural concept. It starts with the 
development of 3DGS model and continues with the choice of material and construction techniques. An analytical 
model was also used to check the 3DGS equilibrium and predict the structural behavior of the system based on 
material properties. 

2.1. Overview 

The structural prototype sits on three supports placed 5.4 m from each other with the total length of 10.80 m 
including 129 prefabricated parts. The parts include joints and members with tensile and compressive forces (Figs. 
1, 2). All parts are constructed from Glass Fiber Reinforced Concrete except the steel supports and the connectors 
of the tensile members. The total weight of the structure is 5480.64 kg where the heaviest joint and member weigh 
103.8 kg and 126.8 kg respectively (Table 1). 

2.2. Structural form finding 

The main objective in the form finding process was to find an efficient spatial structural form with both 
compressive and tensile members using 3DGS methods. The reciprocal relationship between the form and its force 
diagram in 3DGS allows for explicit control over the magnitude and the type of internal as well as external forces 
in a structural form. To produce concepts with both compressive and tensile members, a designer can geometrically 
manipulate the equilibrium of external forces, referred to Global Force Polyhedron (GFP), to explore compression 
and tension systems without changing the topology of the form diagram (Akbarzadeh [1]). 
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Figure 1: A photograph of the built structure in Sa'dabad 
Complex, Tehran, Iran. 

Figure 2: Plan, elevation and axonometric 
view of the built structure. 

 

Table 1: General specifications of the 
structure. 

Table 2: Mechanical properties of the construction 
materials of the 

 
 

2.2.1. Manipulating GFP 

For a given geometry of a form diagram, changing the direction of the external forces in GFP alters the magnitude 
and the type of internal forces in the form. As a rule of thumb, in a force diagram, if all Nodal Force Polyhedrons 
(NFP) are contained within the volume of a GFP, there exists a form configuration with compression or tension-
only members. However, if the volume of GFP does not contain all NFPs, the form diagram will have members 
with both compressive and tensile forces (Akbarzadeh [1], Lee et al. [14]). 

Besides, if GFP is geometrically indeterminate, changing the magnitude of an applied force without changing its 
direction can also result in a structural form with both compression and tension members. Figure 3 illustrates a 
compression-only structural form and its indeterminate GFP in 3D where excluding the force fp from the boundary 
condition results in a structural form with both compression and tension forces. 
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Note that the force diagram will transform from convex–only polyhedral cells for a compression-only 
configuration of forces to a diagram with complex (self–intersecting) polyhedral cells for a compression-and-
tension combined forces. Therefore, the computational framework suggested by Akbarzadeh et al. [4] can be used 
to explore topologically-different compression-only structural forms from convex polyhedral cells that later can 
be translated into forms with combined forces by changing their GFP. 

2.2.2. Compression-only form finding by aggregating GFP 

Aggregating convex polyhedral cells can be used as a technique in finding compression-only structural solutions. 
The aggregated polyhedral cells are the NFPs for a GFP that encloses them all. Similarly, GFPs can be aggregated 
to construct a bigger GFP and structure if their attaching faces are identical with opposite normal directions. Figure 
4a illustrates three identical GFPs of Fig. 4 attaching to each other from faces corresponding to their reaction forces 

labeled as rB and rC’. Once aggregated, the shared face is removed from the resulting force diagram and nodes B 
and C, will be collapsed to a single vertex in the structural form (Fig. 4b). By removing the lateral forces (fk , f j, 
etc.) from the boundary condition and the force diagram, the resulting funicular form will have both compression 
and tension members (Fig. 4c). 

 

 

 

 

Figure 3: a) Compression-only form and force 
diagrams in 3DGS with indeterminate GFP; and b) 
form and force diagrams with mixed compression 
and tension forces as a result of subtracting the force 
fp. 

 

 

 
Figure 4: a) Aggregation of three GFPs and their 
corresponding forms; b) the resulting force diagram after 
removal of the shared face and its corresponding form; 
and c) removing lateral forces to obtain compression and 
tension combined form and force diagrams. 
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2.3.  Constrained 3DGS model 

In order to precisely control the location of supports and the magnitudes of the lateral loads, a constrained form 
and force diagrams should be constructed using procedural 3DGS in a parametric environment (Akbarzadeh [1]). 

2.3.1. Establishing GFP 

The first step in constructing a constrained parametric model is to establish global equilibrium (Akbarzadeh et al. 
[3]); we can substitute all vertically applied forces with a single resultant force fR and find the direction of the 
reaction forces in the supports by choosing a point on the line of action of fR (Fig. 5a). 

Note that the laterally applied forces fh also intersect the line of action of fR. Moreover, each force fh is coplanar 
with a reaction force and fR, due to planarity constraints of the reciprocal polyhedral diagrams (Akbarzadeh et al. 
[3]). If the magnitude 1kN is assigned to fR, we will have the normalized values for reaction forces (0.35 kN) and 
internal forces with respect to the total applied force fR. Since the global force polyhedron is geometrically 
indeterminate, the magnitude of the lateral forces can be changed to make compression-and-tension combined 
systems. 

 
Figure 5: Construction of the constrained 3DGS 
model; a) establishing the global equilibrium and the 
equilibrium of external forces; b) subdividing the 
global force polyhedron and extracting the 
constrained, compression-only structure; and c) 
removing the lateral forces in the boundary condition 
to get the compression-and-tension-combined 
structural form. 

 

Figure 6: The rebars are embedded in the cross section 
of the tensile members, connected to steel plates at the 
end of each member. 

Figure 7: A section illustrating the connection details 
of a joint and its adjacent tensile and compressive 
members. 
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2.3.2. Subdividing GFP 

Once the GFP is established, its internal space can be subdivided into convex polyhedral cells to construct a 
topology of a compression-only structural form (Akbarzadeh et al. [5]). The result is a spatial frame of Fig. 5b 
constrained to the given boundary conditions. 

2.3.3. Changing boundary conditions 

The magnitude of the laterally applied loads fh can be achieved by reducing the area of their corresponding face to 
zero in the force diagram. This will result in a structural concept that has tensile forces on the top chord supported 
by compression-only members on the lower parts of the structure (Fig. 5c). 

2.4. Materializing the concept 

As soon as the static equilibrium of the structural concept is guaranteed and the 3DGS edge- vertex model is 
extracted, the members and joints of the structure need to be designed and sized according to the physical 
properties of the chosen construction materials and applied loads. 

2.4.1. GFRC concrete 

Glass fiber reinforced concrete (GFRC) in prefabricated elements was chosen as the construction material and 
method for the project. The main intention was to extend the use of concrete in design and fabrication of discrete 
spatial systems as oppose to its conventional use as a cast-in-place material for shells and continuous surface 
structures. Table 2 summarizes the mechanical properties of the used concrete in this project. To reduce the self-
weight of the concrete, perlite, pumice aggregate, silica fume and chopped glass fibers were used as the main 
ingredients. 

2.4.2. Sizing the members 

The members of the structure were designed and sized according to the following criteria: 

• maximum allowable stress in each member based on the applied loads; 
• minimum dimensions required for concrete construction feasibility; 
• and, the maximum weight of each member for prefab construction. 

The magnitude of the internal forces in the members of the structure can be extracted from the areas of their 
corresponding faces in the 3DGS model. The values are relative to the magnitude of the resultant applied force fR. 
The cross section radii of the members were chosen to range from 7.5 to 10 cm based on the lowest and highest 
internal forces and construction feasibility. 

To preserve the design consistency, the tensile members on the top chord of the structure were also constructed 
out of concrete. To improve their tensile capacity a single steel rebar (d = 12mm) was embedded in their cross 
section to carry tensile forces between the joints (Fig. 6). 

 

2.4.3. Detail development 

To preserve the clarity of the structural system, connection details were carefully developed to avoid any 
unnecessary element. In this regard, the compressive and tensile members were treated differently; the members 
carrying compressive forces include a hollow metal tube at their both ends to be connected to their adjacent joints 
which will have a pipe with a smaller diameter (Fig. 7). These simple male-and-female pipe connections can 
control the precision of the assembly and provide relative stability for the system during assembly obviating the 
need to use complicated falsework/formwork (Fig. 8).  There is a dry connection between the compressive 
members and the joints and the axial compressive force in the members will keep them in place after completion. 

The tensile members, on the contrary, include a rebar that is connected to two steel plates (t = 4mm) at both ends.  
These plates transfer the tensile force to the plate of the adjacent joint. In the adjacent joint the tensile force is 
transferred via a rebar to a custom-cut plate at the center receiving all the tensile forces from adjacent members in 
precise angles to keep the static equilibrium of the node and the structure (Fig. 9). 
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2.5. 3DGS design loads vs self–weight 

The 3DGS model guarantees static equilibrium of forces under the applied loads at the top vertices of the structure, 
but the finished structure will not have external applied loads, and it has to support its self-weight. Moreover, 
3DGS model does not consider self–weight of the system. Nevertheless, constructing tensile members in the top 
chord of the structure can improve the structural performance of the system. Although tensile members can 
significantly increase the self–weight of the system, their weight (1765 kg) can also be considered as external 
applied loads for the structure and keep the system in equilibrium i.e. fW = 17.65 kN (Fig. 10). 

In this case, we need to check whether the 3DGS design force fi per vertex of the top chord is equal to the tributary 
load fiw resulting from the weight of the tensile members connected to the same vertex in the structure. 

The tributary load values per vertex of the top chord is calculated and normalized with respect to the total weight 
of the tensile members (1765 kg). These values are then compared with the 3DGS design load per vertex (the area 
of the corresponding face in the force diagram), and it is concluded that for this specific geometry and the chosen 
member sizes, the discrepancies between the 3DGS design loads and the tributary loads per vertex are negligible 
(Fig. 11). 

 

 

Figure 9: Exploded axon of a joint with three adjacent 
tensile members (top) and a compressive member 
(bottom) revealing the tensile rebars, connecting 
plates, and the custom cut plate to control the angles 
of the rebars within the joint. 

 

Figure 8: A photograph during the assembly process 
showing a compressive joint (bottom) and a tensile 
joint (top),  dry connections between the compressive 
joints and members, and the conventional scaffolding 
system to support the unfinished structure. 

Figure 10: The weight of the tensile members is 
considered as the applied load fW for the built 
structure. 



Proceedings of the IASS Annual Symposium 2017 
Interfaces: architecture.engineering.science 

 

 

 

 

 
 

 

8 

 

Table 3: Some of the analysis results and its comparison with maximum tensile and compressive stress of the 
used concrete. 

 

2.6. Analytical model vs 3DGS model 

To check the credibility of the 3DGS model and also to investigate other important structural behavior of the 
system, an analytical model was developed and analyzed using Karamba plugin (Preisinger [20]) for Rhinoceros 
(McNeel [17]). The analytical model with the same cross sections and boundary condition was analyzed to find: 

 the magnitude of the axial forces in the internal members as a result of the application of the 3DGS design 
loads; 

 and the maximum displacement of the nodes based on self–weight of the structure. 

2.6.1. Axial forces in the structure based on 3DGS loads 

To check the results of the 3DGS equilibrium and the internal forces of the structure, the model were subjected 
the 3DGS design loads.  As is shown in Fig.  12a, the magnitude of the internal forces in the analytical model 
subjected to the 3DGS design loads precisely matches the values of the faces of the force diagram in 3DGS. 

If the construction material has a really high elastic modulus, its behavior will be very close to what is expected 
based on 3DGS model. Given the size of the members and the mechanical properties of the used concrete, the 
resulting structure was relatively stiff and therefore, the analysis results match the static equilibrium of forces in 
the 3DGS model quite well. 

2.6.2. Displacement based on self-weight 

Since the 3DGS model does not consider the self-weight of the members, the concept should be analyzed under 
its own weight (Fig. 12b). Table 3 summarizes some of the analysis results based on self-weight of the structure. 
The results show that the maximum displacement is 0.025 cm which is smaller than (L/360 = 270/360 = 0.75 cm). 

3. Conclusions and Discussions 

The paper described the form finding and materialization process of the first built prototype designed by the use 
3DGS methods. Various GS design techniques such as compression-only form finding, aggregating GFPs, 
constrained modeling, and modifying the boundary conditions were used to derive a compression-and-tension 
combined, funicular polyhedral system.  

GFRC was used as the primary construction material and the members were sized according to their internal forces 
derived from the 3DGS model (from 15 to 25 cm). The tensile members were designed with a steel rebar embedded 
in their cross section. Since 3DGS model does not account for the self-weight of the members and the final 
structure will only be subjected to its self-weight, the weight of the tensile members was considered as the applied 
loads for the structure.  

Accordingly, the magnitude of the tributary loads from the tensile members per vertex on the top chord were 
compared with the magnitude of the 3DGS design force and showed negligible differences. This little difference 
might be related to the geometry of the form with specific member length and sizes. These differences might not 
be negligible for large scale structures and therefore, certain optimization techniques are required to match the 
3DGS design loads with the tributary area of the vertices. Another future research direction is to incorporate the 
self-weigh of the members in the 3DGS model in the design process. 



Proceedings of the IASS Annual Symposium 2017 
Interfaces: architecture.engineering.science 

 

 

 

 

 
 

 

9 

 

The analysis result of the FEM model subjected to 3DGS external forces matched the equilibrium results of the 
3DGS model and confirmed the validity of this technique. However, further research is required to understand the 
geometric and mechanical parameters that can affect the results significantly for large scale structures.    

 

 

 

Figure 11: The deviation from the 3DGS design loads 
and the weight of the tensile members as the externally 
applied loads of the structure; a) the normalized value 
of forces per vertex of the structure corresponding to 
the areas of the faces of GFP; b) the normalized values 
of the tributary loads per vertex based on the weight of 
the tensile members; and c) the negligible differences 
between the 3DGS design loads and the tributary loads 
per vertex. 

Figure 12: The magnitude of the axial internal forces 
under the 3DGS applied forces (top); displacement of 
the nodes based on the self–weight of the structure 
(bottom). 
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