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A B S T R A C T

3D concrete printing (3DCP) structural components for construction assemblies are known for reduced material
use and enhanced efficiency and design freedom. This article investigates the limitations in the geometrical and
toolpath design of 3DCP structural components and presents an automated and comprehensive approach to
their toolpath design and optimization. It exploits hierarchical geometric data structures and graph algorithms
to achieve the following features: (1) By analyzing the overhang of toolpaths, the method offers quantitative
criteria for determining the buildability of the components and predicting failure, thus assisting design
decisions. (2) It provides toolpath offsetting and filleting methods that can enhance the dimensional accuracy
of the print concerning layer line textures and overfills. (3) For branching and porous geometries, the method
creates as-continuous-as-possible toolpaths with minimal stop-starts based on their topologies, thus reducing
seam defects. (4) It converts the toolpath into efficient visualization meshes representing layer line textures and
toolpath meshes compatible with finite elements analysis. The proposed method is implemented as a plug-in
software within the environment of Grasshopper® for Rhino® to facilitate designers and engineers working with
3DCP. The effectiveness and versatility of the tool are demonstrated through the toolpath design and printing
of four sets of examples. The tool reduces the number of toolpaths by 90% for a typical 80 mm nozzle and
takes 0.21 s per meter of toolpath to slice, analyze overhang, generate continuous printing toolpaths, and

visualize the print.
1. Introduction

1.1. 3D concrete printing structures

Since the early 2010s, the construction industry has been exten-
sively exploring the application of 3D printing [1]. With concrete
being the most broadly used material in building construction [2], 3D
concrete printing (3DCP) construction has received wide attention. The
benefits of 3DCP can be summarized in three main aspects.

• Firstly, by additively depositing material, 3DCP construction is
free of formworks, potentially saving the material and labor costs
required by using formwork in cast-in-place concrete construc-
tion, which comprise 35%–60% of the total cost [3,4].

• Secondly, additive manufacturing is known for its efficiency in
material usage [5] and production time [6,7]. Owing to the low
cost of concrete and the need to prepare formworks, cast-in-
place concrete structures usually prefer designs that are simple
in geometry, resulting in excessive material use [8]. The addi-
tive manufacturing nature of 3DCP allows more efficient use of
material by accommodating optimized geometries. Meanwhile,
by eliminating formworks and integrating automated processes,
3DCP can also reduce construction time [9,10].

∗ Corresponding author at: Polyhedral Structures Laboratory, Weitzman School of Design, University of Pennsylvania, Philadelphia, USA.
E-mail address: masouda@design.upenn.edu (M. Akbarzadeh).

• Lastly, 3DCP offers unprecedented freedom and flexibility in
designing and constructing expressive, efficient, and functional
structures. Equipped with 3DCP technology, designers can opt
for free-form, expressive geometries that are otherwise difficult
to realize with cast-in-place or manual construction practice [11–
13]. Moreover, it allows unique variations in the geometries of
the building elements, which would require unique molds in
the cast-in-place paradigm [10]. Designers and engineers can
also realize efficient 3DCP structures with optimized geometri-
cal designs [14–16]. Examples also show that utilizing complex
geometries, 3DCP structures can embed acoustic [17,18] and
thermal [17,19] functions. The added functionality can also be
locally controlled, resulting in functionally graded material for
digital construction [20,21].

1.2. 3D concrete printing structural components

Large-scale 3DCP applied in building constructions can be divided
into three types: (1) 3D printing structural components for discrete
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assembly; (2) 3D printing formwork for cast-in-place; and (3) on-
ite printing of an entire structure [22]. Our study focuses on 3DCP

structural components for the following benefits:

• When structural components are fabricated individually, it is
easier and cheaper for the motion system to have more spatial
freedom, allowing free-form design of the components. Examples
of in-situ printing are primarily vertical walls, without integration
of performative structural geometry or other architectural func-
tionalities [23]. Due to the separation of printing and assembly
and the lowered cost of trial and error, discrete systems formed
by 3DCP structural components can exhibit intricacies such as
extreme overhangs and porous surfaces.

• The printing orientation can vary from component to compo-
nent, utilizing the anisotropic nature of 3DCP objects [24–26].
Examples show that with tailored toolpaths, 3DCP structural com-
ponents can forge optimized structures whose form follows the
flow of forces [27,28].

• In discrete systems, different types of reinforcements can be in-
troduced into 3DCP components for them to pick up tensile and
flexural forces [29,30]. It improves the structural performance
and unlocks more design possibilities to fully utilize the free-form
buildability advantages of 3DCP on a large scale.

• As a prefabrication method, 3DCP structural components are
typically fabricated in labs and factories. There is no need to
transport and erect a gantry-like system on site, which requires
considerable labor and energy and has to be relocated every time
a building is finished [25]. Neither is the size of the building
limited by the on-site motion platform(s). In venues where con-
struction time is limited, or the surrounding environment (space,
weather, social factors, etc.) does not allow the use of a gantry,
discrete systems are easy to implement and reduce interference
to the site.

To make full use of these advantages, we require that the 3DCP
structural components are buildable, structurally efficient or functional,
dimensionally accurate, with contact faces for assembly and reinforce-

ent, and of adequate sizes. While architects and designers might be
familiar with the design and form-finding of efficient and expressive
forms as surface geometries, converting them into fabrication schemes
meeting the above criteria is challenging. We summarize the current
limitations and challenges of geometrical and toolpath design in the
following four aspects:

1. Buildability limitation. It is hard to determine the buildability
of a design. In other words, when a surface geometry is prepared,
there are limited methods that can predict if it can be success-
fully printed without significantly deforming or collapsing [29],
especially when the printing shapes are free-form [31]. While
conventional layer-by-layer 3D printing with thermoplastic fila-
ments utilizes support structures that are printed together with
the main body and removed afterward, it is impractical to utilize
such support structures in 3DCP for construction as concrete sup-
ports are hard to remove, creating considerable material and en-
ergy waste, and requiring additional post-processing work [32].
3DCP structural components have to be self-supporting during
the print, without extreme overhangs that induce the falling of
the material or the collapsing of the print body. We refer to
such components as buildable. While current studies use topo-
logical optimization methods to create buildable designs based
on given boundary conditions [33–35], they do not contribute to
understanding and optimizing existing designs without inducing
drastic changes. The buildability limitation calls for both the
criteria to determine the buildability of a design and methods
to optimize it.
2

2. Dimensional accuracy control. For 3DCP structural compo-
nents to effectively assemble structures, their dimensions must
be accurate. Moreover, the contact faces between components
need to be flat or interlocking. 3DCP systems typically use
nozzles that are 10 to 50 mm wide and print layers at a thickness
of 5 to 15 mm [25], resulting in visible layer lines and intro-
ducing a mismatch between the smooth surface design and the
bumps [30,36–38]. While in fused filament fabrication (FFF),
the surface of the prints can be polished to be smooth, in
3DCP, it is impractical and wasteful. In addition, the problem
of deviation and over- and under-extrusion on a millimeter
to centimeter scale substantially jeopardizes the surface qual-
ity [39–41]. For the 3DCP structural components to be accurate
in dimension and comply with installation requirements, an
automated optimization is needed for their toolpaths.

3. Continuous printing. Extrusion-based 3D printing favors con-
tinuous toolpaths over toolpaths with stop-starts in extrusion.
Continuous toolpaths are free of non-extrusion travels, which
may cause stringing issues, thus improving the surface qual-
ity [42,43]. As 3DCP consists of visually distinct layers printed
with viscous concrete mortar, stop-starts in extrusion cause seam
defects [36,44] and delamination, substantially affecting the
surface quality of the print. However, current path-planning
methods and software used in FFF rarely consider the conti-
nuity in toolpath as it is not a big problem for thermoplastics
that extrude at a submillimeter scale [45]. Hergel et al. [46]
presented a method for generating global continuous toolpaths
for ceramic printing. However, it uses a considerable amount of
material as support, which is not preferred in 3DCP. Zhong et al.
[47] presented a method for creating as-continuous-as-possible
toolpaths of surface models in ceramic printing, where larger
overhangs are allowed compared with concrete. For designers
of 3DCP structures, effectively making toolpaths continuous for
intricate designs requires tailored algorithms and software.

4. Visualization and simulation. As layer lines of 3DCP objects
are visually prominent, they must be incorporated into the de-
sign process. Once prepared, the toolpath curves can represent
each print’s fabrication scheme. However, an efficient visualiza-
tion based on the toolpath curves is needed to fully display the
aggregated texture of the concrete extrusion layers and utilize
it for design iterations. Moreover, as designers and engineers
navigate through different optimization options of a set of sliced
toolpaths, the resulting structural performance also changes.
To effectively assess the performance of the printing options,
meshes representing the printed body that apply to finite ele-
ment analysis (FEA) should be prepared [48,49]. As the toolpath
curves might be modified during fabrication rationalization, the
FEA-ready model should be based on the curves, not the initial
surface geometry designed. The structural analysis calls for an
efficient algorithm that generates such toolpath meshes based
on toolpath curves.

Faced with the above limitations and challenges, an integrated
approach to design the geometry and toolpath while maximizing the
advantages of 3DCP would require tailored software and expertise in
computing and processing geometries. However, such an integrated
approach is only observed in a handful of studies, while half of the
researchers conducted their toolpath design using slicing software de-
signed for FFF. Most FFF toolpath generation studies cannot be bor-
rowed for 3DCP due to the differences mentioned above [38].

1.3. Topology of the components

Table 1 shows a handful of 3DCP discrete structural assemblies
that exploit free-form geometries for structural efficiency and formal
expression. The components exhibit distinct geometrical features and
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Table 1
Structural systems built with 3DCP components, categorized according to the topological type of the units [50–55].
can be categorized according to their topologies. Topology analysis in
3D printing has been performed using medial axis [56,57] or Reeb
graphs [58,59] for fabrication rationalization. Compared with other
materials, 3DCP is primarily organized in horizontal planes with mod-
erate overhang angles, making layer-based topology analysis similar
to Reeb graphs a natural choice. Fig. 1 illustrates the three types of
topology, showing color-coded visualizations and dependency graphs.
Dependency graphs are made of vertices representing one-extrusion
3

patches and edges representing their dependency relations. The topol-
ogy analysis method and the definition of dependency graphs will be
further explained in Section 2.5.3. Here, we discuss the benefits and
challenges of each type of component.

• A monolithic unit (Fig. 1a) is homeomorphic to a cylindrical extru-
sion (‘‘Extrusion’’ here refers to the cylindrical surface geometry,
not the material extrusion). Each layer is a closed curve, and
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Fig. 1. Color-coded print visualizations and dependency graphs of three topological types of structural components: (a) monolithic; (b) branching; and (c) porous. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)
by connecting adjacent layers, one toolpath can cover the entire
geometry. It is widely used in 3DCP construction and extrusion-
based printing of other viscous materials such as earth [60],
clay [61], and biomaterials [62] where the target geometry is a
simple, solid surface. Table 1a’s cylindrical unit ‘‘folds’’ the planar
closed curve of each layer into its walls to create infills. The
component performs as having a multi-layer structure but remains
a monolithic extrusion topologically for toolpathing convenience.
In Table 1b, toolpath curves are post-processed to form creased
contact faces on the top and bottom. Table 1c is an example
where the components are intended to be porous but are printed
monolithic.

• A unit that is not monolithic involves multiple ‘‘islands’’ of closed
curves in a single plane. They break the possibility of a globally
continuous curve from the bottom to the top. The islands form
multiple monolithic parts, with dependency relations observed
and reflected in the dependency graphs.

– In a branching unit (Fig. 1b), the dependency graph is a
tree without cycles. Table 1d and e are examples of efficient
funicular structures made of branching units. The branching
design helps the structures stay lightweight, without materi-
als for the faces, as seen in Table 1c or Ooms et al. [63]. The
toolpath generation methods are not disclosed in the two
studies. If not aided by tailored algorithms and software,
manually processing toolpaths to minimize the number of
stop-starts can be tedious and time-consuming.

– A porous unit (Fig. 1c) may have branchings and mergings
at the same time. Its dependency graph has cycles, necessi-
tating a graph data structure. The toolpath design is more
challenging than in branching units as the printing order of
the islands has to meet dependency requirements.
Porous units have several additional benefits compared with
branching units. Branching structures are prone to deforma-
tion due to vibration [64] or curing. Porous units have more
geometrical constraints that help maintain dimensional ac-
curacy during and after the printing. Porous units are also
compatible with funicular structures across scales. If only
monolithic or branching units are used, a structural system
of multiple holes has to be segmented into small units at
the sizes of the holes, adding to the time and labor cost of
printing and handling. Using porous units, the segmentation
design is free of this limitation and can adopt more eco-
nomical sizes. Lastly, the design of porous assemblies and
units can learn from the porous geometric prototypes that
have been known to be structurally efficient, such as lattice
structures [65] and minimal surfaces [66,67]. Table 1f is
an example made of porous units based on the Diamond
triply periodic minimal surface (TPMS). The geometry with
a genus (number of holes) of 71 was segmented into 9
pieces with a single continuous contact surface between
each pair of adjacent pieces. The toolpath generation and
optimization of the porous pieces employed our proposed
4

method. If the units in Table 1c are sliced and printed
using our method, the supporting faces can be removed or
reduced, thus saving the material and post-processing effort
while improving the consistency in the layer line texture.
It is trivial that a method applicable to porous units would
also accommodate monolithic or branching units.

1.4. Scope of the study: Automated toolpath design

In light of the benefits of 3DCP structural components and the
limitations restricting their geometric options, and in continuation with
our past research in the 3DCP buildability and data structures [68,69],
this study explores an integrated method of automated toolpath design.
The study has three main objectives:

1. It identifies the limitations in the geometrical and toolpath
design of 3DCP structural components. Based on that, it de-
signs quantitative criteria for determining the buildability of the
components and predicting failure.

2. It proposes a systematic approach to generate and represent the
toolpaths for 3DCP structural components by slicing a surface
input. The method utilizes a hierarchical geometric data struc-
ture based on carefully designed premises. Combining the data
structure with graph algorithms, the method adapts to different
types of geometries across materials and scales while leaving
channels for manual modifications inside the integrated, auto-
mated system. It also rationalizes and optimizes the toolpaths
for enhanced buildability, dimensional accuracy, and surface
quality. Finally, it converts the toolpaths for continuous printing
with minimal stop-starts.

3. It implements the method as a software plugin in Grasshopper®
for Rhino®. Several examples are processed and printed to
demonstrate the method’s effectiveness and versatility. The lim-
itations and opportunities for future development will be dis-
cussed.

‘‘Toolpath generation’’ is often regarded as a separate step following
the decision of the surface geometry in FFF and 3DCP construction. A
designated toolpath generator and optimizer is ‘‘urgently needed for’’
3DCP [38]. While this study aims to fill this gap between geometrical
design research and toolpathing methods of 3DCP, it proposes an alter-
native phrase ‘‘toolpath design’’ for two reasons. Knowledge in toolpath
generation and test results reflect the geometrical design by pointing
out the limitations in buildability and suggesting possible improve-
ments in the surface modeling and segmentation design of discrete
systems. On the other hand, tailored adjustments to the toolpaths done
by designers can improve the buildability and quality of the toolpaths,
contributing to the design solution space.

The proposed method is automated and can produce desired tool-
paths without additional manual input if the surface geometry is suit-
able. If the geometry has extreme features or requires specific handling,
the integrated method also opens channels for the designer’s input at
every stage. The study hopes to liberate designers from the empirical
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task of toolpath generation and equip them with automated and quan-
itative tools, thereby expanding and accelerating the research of 3DCP
iscrete structural systems.

2. Methodology

Section 2 is structured as follows. Section 2.1 introduces the pro-
osed workflow of toolpath design. Several examples were designed to
llustrate the subsequent methods. Section 2.2 introduces the orienta-
ion and slicing of the surface geometry, which is the groundwork of

the proposed method. Sections 2.3 to 2.6 respond to the four limitations
and challenges summarized in Section 1.2. Due to the length limitation,
some parts of the proposed workflow are covered in the Supplementary
Information (SI) and cited in the main text.

2.1. Toolpath design workflow

Fig. 2 gives a concise overview of the proposed toolpath design
workflow. It primarily takes surface geometry as input. After slicing,
the geometry is represented as toolpaths. Toolpaths are essentially
arametric curves stored in a hierarchical data structure. The designer
an modify these curves freely and then ‘‘wrap’’ them back as toolpaths.
r they can provide curves as input and wrap them as toolpaths

Section 2.2). Toolpaths can be converted into GCode for desktop
antry printers. In the case of 3DCP, toolpaths can be transformed into
ontinuous toolpaths with minimal stop-starts and then converted to
obot codes (Section 2.5). SI 1 introduces the setups compatible with

the method and discusses its versatility across scales and materials.
Utilizing the geometric data structure of toolpaths, designers can also
assess the buildability of the component and modify it accordingly (Sec-
tion 2.3), finetune the geometry to improve the dimensional accuracy
and surface quality of the print (Section 2.4), and represent the result
effectively for visualization and simulation purposes (Section 2.6).

To better illustrate the subsequent methods, four sets of examples
are designed. Their printing results are visualized in Fig. 3. Fig. 3a
s a brick system based on the porous modular facade ‘‘Design 1’’ by
culpturist Erwin Hauer in 1950 [70] (hereafter ‘‘Brick’’). Fig. 3b is

a Diamond TPMS geometry with a wavelength of 400 mm (hereafter
‘‘TPMS’’). Fig. 3c is a discrete wall system with 6 components (hereafter
‘‘Wall’’). The components are designed by morphing and trimming the
Diamond TPMS unit. The contact faces between the vertically adjacent
omponents are tilted. Fig. 3d is a porous panel ‘‘Design 6’’ by Erwin

Hauer in 1956 [70] (hereafter ‘‘Panel’’).
The main symbols used in the article are collected in Table 2.
5

2.2. Orientation and slicing

The slicing method lays the foundation of the workflow and is
overed by the Supplementary Information. SI 2 discusses the nature of
he slicing method and the requirement of the input surface geometry
. SI 3 provides a method to automatically orient the surface onto

he printbed for slicing. SI 4 details the proposed parallel and rotary
licing methods using an input layer height 𝑡. The slicing result consists

of 𝑛 layers of toolpath curves. SI 5 discusses how the hierarchical
toolpath data structure can also be obtained by wrapping existing
curves, allowing custom modification to the toolpath. Finally, in SI
6, toolpaths curves are sorted into groups representing regions with
consistent winding directions.

2.2.1. Toolpath boolean operations
To effectively model and modify designs, designers often use the

ethod of constructive solid geometry [71] where boolean operations
are performed on multiple primitive solid objects to form a synthesis.
For complex surface objects, the boolean operations can be buggy and
time-consuming in practice. In preparing 3D printing toolpaths, the
oolean operations can be instead performed on the toolpath curves

after slicing the surface geometries separately using the same set of
planes. As shown in Fig. 4, by having these planar curves sorted
as regions with consistent winding directions, we can quickly form
a directed graph representation and solve the result [72–74]. Fig. 5
shows an example of toolpath union where a TPMS-inspired geometry
is reinforced at its branching and merging points by having more
bridging layers. Surface union operation is challenging here due to
inconsistent surface formats (mesh and non-uniform rational B-spline
(NURBS) polysurface).

2.3. Cross-layer buildability

Researchers have utilized finite element models [48,49,75,76],
mechanistic models [77], and lattice models [31,78] to predict the
lastic buckling and plastic collapse failures in the printing and cur-
ng processes of 3DCP construction. However, most existing methods
re limited to simple cylindrical forms and have not been tested
ith geometries of complex morphology and topology. The simulation

methods also require substantial computation time, slowing design
iterations.

2.3.1. Overhang
To provide an agile tool for designers, we propose an alternative

method of assessing the buildability of a design and predicting failures
caused by extreme geometrical features. It analyzes the geometry’s
overhang or how the toolpaths reach horizontally without support.
Therefore, it does not rely on material information and applies to
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Fig. 3. Main examples used in this article, shown to a uniform scale: (a) ‘‘Brick’’; (b) ‘‘TPMS’’; (c) ‘‘Wall’’; and (d) ‘‘Panel’’. Units in mm.
Table 2
Nomenclature for the main symbols used in this article.

Symbol Description See

Slicing

𝐺 Input surface geometry SI 2
𝑃bottom Bottom plane SI 3
𝑃bed Printbed plane SI 3
𝐧guide Guide vector for the building direction SI 3
𝑡0 Input layer height SI 4
𝑛 Number of layers SI 4
Extrusion

𝑡 Actual layer height SI 4
𝑡𝑑 Local layer height at distance 𝑑 in rotary slicing SI 4
𝑤 Extrusion width SI 4
𝑟 Sectional fillet radius Section 2.4

Buildability

𝑎 Toolpath sample point distance Section 2.3.1
𝐿𝑂 𝐻G Local overhang by groud Section 2.3.1
𝐿𝑂 𝐻L Local overhang by layer Section 2.3.1
𝐺 𝑂 𝐻 Global overhang Section 2.3.1

Topology

𝑇 𝑃 Toolpath Section 2.5.2
𝑂 𝐸 𝑇 𝑃 One-extrusion toolpath Section 2.5.2
𝐶 𝑇 𝑃 Continous toolpath Section 2.5.3
𝑋𝑖,𝑗 The 𝑗th curve of the 𝑖th layer/patch in 𝑋 (𝑇 𝑃 , 𝑂 𝐸 𝑇 𝑃 , or 𝐶 𝑇 𝑃 ) Section 2.5.2
𝐺𝑋 Dependency graph of 𝑋 (𝑇 𝑃 , 𝑂 𝐸 𝑇 𝑃 , or 𝐶 𝑇 𝑃 ) Section 2.5.2
Fig. 4. Boolean operation of two sets of toolpaths, showing one layer: (a) input toolpaths 𝐴 and 𝐵; (b) union 𝐴 ∪ 𝐵; (c) difference 𝐴 − 𝐵; and (d) intersection 𝐴 ∩ 𝐵.
6
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Fig. 5. Union operation of two sets of toolpaths (L2 of ‘‘Wall’’): (a) primitive toolpaths found by slicing a mesh; (b) additional toolpaths found by slicing NURBS polysurfaces;
and (c) unioned toolpath.
Fig. 6. The definitions and examples of: (a) local overhang by ground 𝐿𝑂 𝐻G; (b) local overhang by layer 𝐿𝑂 𝐻L; and (c) global overhang 𝐺 𝑂 𝐻 . (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)
different setups of extrusion-based 3D printing. A monolithic example
is designed by extruding a circle along an arc in Fig. 6 to illustrate the
two types of overhang analysis:

• Local Overhang (𝐿𝑂 𝐻). Local overhang assesses how much
support a small toolpath segment receives from the previous
layer. The toolpaths are represented by sample points that divide
toolpaths into segments of length 𝑎. (To balance the efficiency
of computation and the accuracy of the analysis, we chose 𝑎 to
be around 1∕5 of the layer thickness 𝑡, which upper bounds the
change of overhang between adjacent sample points to 0.2. This
number can be adjusted when needed.) 𝐿𝑂 𝐻 is a property of a
sample point and has two types:

– Local overhang by ground (𝐿𝑂 𝐻G). As illustrated in Fig. 6a,
a sample point 𝐴 on 𝑃𝑖 can be projected along the direction
of gravity 𝐠 onto the previous plane 𝑃𝑖−1 to get 𝐴1. 𝐴2 is
the sample point on 𝑃𝑖−1 that is closest to 𝐴1, seen as the
support point for 𝐴. The local overhang by ground at 𝐴 is
7

defined as

𝐿𝑂 𝐻G =
𝑑G
𝑡

=
|𝐴1𝐴2|

𝑡
.

If 𝑑𝐺 is 0, 𝐴2 is precisely beneath 𝐴, making 𝐴 fully sup-
ported. Fig. 6a is drawn using the plane defined by 𝐴, 𝐴1
and 𝐴2. However, the toolpath normals at 𝐴 and 𝐴2 are
not necessarily perpendicular to the plane. If the section is
approximated as a rectangle with a width of 𝑤, then to have
𝐴1 touching the extrusion on 𝑃𝑖−1 would require

𝑑G < 𝑤
2

or 𝐿𝑂 𝐻G < 𝑤
2𝑡

where the maximal 𝐿𝑂 𝐻G becomes 1.5 for a 30 × 10 mm
section. In practice, a buildable threshold for 𝐿𝑂 𝐻G is also
material-dependent.
To visually inspect 𝐿𝑂 𝐻 , the lines between each sample
point and its support point (𝐴𝐴2) are drawn and color-
coded. In the example of Fig. 6a, the tip of the cylinder has
extreme 𝐿𝑂 𝐻 .
G
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– Local overhang by layer (𝐿𝑂 𝐻L). As illustrated in Fig. 6b, a
sample point 𝐴 on 𝑃𝑖 can be oriented from 𝑃𝑖 to the previous
plane 𝑃𝑖−1 to get 𝐴3. 𝐴4 is the sample point on 𝑃𝑖−1 that is
closest to 𝐴3, also seen as a support point for 𝐴. The local
overhang by layer at 𝐴 is defined as

𝐿𝑂 𝐻L =
𝑑L
𝑡

=
|𝐴3𝐴4|

𝑡
.

𝐿𝑂 𝐻L measures the discontinuation of the toolpaths across
adjacent layers. If we assume the material does not slump
within the same layer and the friction between layers is
sufficient, then 𝐿𝑂 𝐻L is a better criterion for determining
buildability. In the example of Fig. 6b, the cylinder has
consistent and very minimal 𝐿𝑂 𝐻L. The assumption behind
𝐿𝑂 𝐻L is closer to FFF using thermoplastics, while that of
𝐿𝑂 𝐻G is closer to 3DCP. The bent cylinder is challenging
to print using concrete but is feasible using thermoplastics
with a multi-axis printing system [79]. 𝐿𝑂 𝐻G and 𝐿𝑂 𝐻L
are the same in parallel slicing.

• Global Overhang (𝐺 𝑂 𝐻). The global overhang (𝐺 𝑂 𝐻) assesses
if a patch of multiple layers is prone to collapse. It is a property
of a toolpath curve. It can be solved after the toolpaths are
organized as one-extrusion patches (detailed in Section 2.5.3). In
a monolithic island of 𝑛 layers where each layer is one curve,
Fig. 6c illustrates the global overhang at the 𝑖th layer concerning
the patch [𝑖 + 1, 𝑗] (𝑖 < 𝑗 ≤ 𝑛 − 1), denoted 𝐺 𝑂 𝐻𝑖,𝑗 . Patch [𝑖 + 1, 𝑗]
refers to the curves from the (𝑖 + 1)th layer to the 𝑗th layer and
is seen as a rigid body. Its center of gravity 𝐶 can be projected
along the direction of gravity 𝐠 onto 𝑃𝑖 to get 𝐶 ′. If 𝐶 ′ is inside the
convex hull of the 𝑖th layer, the rigid body will not fall off its edge.
Define 𝐺 𝑂 𝐻𝑖,𝑗 as 0. If 𝐶 ′ is outside the convex hull, then 𝐺 𝑂 𝐻𝑖,𝑗
is the distance between them projected on the base 𝑥𝑦 plane. It is
the moment arm of the rigid body’s gravity concerning the edge
of the convex hull. The global overhang of the 𝑖th layer is then
calculated as

𝐺 𝑂 𝐻𝑖 = max
{

𝐺 𝑂 𝐻𝑖,𝑗 |𝑖 < 𝑗 ≤ 𝑛 − 1} .
In the example of Fig. 6c, the bottom layers have larger 𝐺 𝑂 𝐻 ,
which means the cylinder is prone to break and fall at the bottom
layers.

2.3.2. Overhang analysis
Overhang analysis can assist design decisions by suggesting whether

 design is buildable and comparing multiple designs. Fig. 7 shows a
omparative test of four types of TPMS (Gyroid, Schwartz P, Diamond,

and Neovious). The 𝐿𝑂 𝐻 visualization (Fig. 7b) shows that the Dia-
mond surface has floating islands without supports. It would require
further trimming to be buildable. The 𝐺 𝑂 𝐻 visualization (Fig. 7c)
shows that both Gyroid and Diamond surfaces have legs prone to
collapse. In contrast, the four bent walls of the Schwartz P surface tend
to break at multiple locations. For direct comparison between the four
types, the cumulative distribution function

𝑦𝐿𝑂 𝐻 (𝑥) = 𝑃 (𝐿𝑂 𝐻 ≤ 𝑥) =
∑

𝐿𝑂 𝐻𝑖≤𝑥 𝑤𝑖
∑

𝑖 𝑤𝑖

is applied to represent each geometry as a curve (Fig. 7d), where
𝐿𝑂 𝐻𝑖 and 𝑤𝑖 denote the 𝑖th sample point’s 𝐿𝑂 𝐻 and weight (length
of toolpath it represents). Any point (𝑥, 𝑦) on the curve suggests that
the proportion of toolpaths with 𝐿𝑂 𝐻 less than or equal to 𝑥 is 𝑦. The
higher the curve, the less overhang the geometry has. A line at 𝑥 = 1
is also drawn, showing our empirical threshold for buildable geometry.
The result shows that compared with the other three, while the Neovi-
ous surface has fewer points with moderate overhangs (𝐿𝑂 𝐻 ≤ 1), it
has twice as many points with extreme overhangs (𝐿𝑂 𝐻 > 1.25) and
is thus harder to print. While the other three types of TPMS have a
8

similar amount of extreme overhangs, Gyroid and Diamond surfaces
have fewer points with moderate overhangs and are more buildable. In
our software implementation, the analysis of each TPMS takes only 5
to 10 seconds on a laptop with Intel Core i9-13950HX CPU and 32 GB
f RAM.

Overhang analysis can also be used to determine printing schemes.
For example, Fig. 8 suggests that a porous unit of ‘‘Wall’’ has less local
overhang in its original orientation (𝐧guide = 𝐞𝑧) than in the flipped
orientation (𝐧guide = −𝐞𝑧).

Fig. 9 shows how 𝐺 𝑂 𝐻 analysis predicts printing failures. In a
printing experiment of another unit of ‘‘Wall’’, islands collapsed at
locations with extreme 𝐺 𝑂 𝐻 (A and B). With the tool of local and
global overhang analysis, designers can eliminate unbuildable design
options without the effort of printing.

2.3.3. Overhang optimization
With quick overhang analysis, designers can adjust geometries re-

spectively to enhance buildability. They can either modify the surface
input 𝐺 and reslice when substantial change is required or locally
optimize the toolpath curves. The benefit of local optimization is that it
argets curves of extreme overhangs without affecting the rest, causing
inimal changes in the final print result.

Fig. 10 illustrates the local optimization using overhang offset. 𝐺
(Fig. 10a) is an endpiece of the bridge in Table 1f. After slicing, the
interior capping curves have extreme 𝐿𝑂 𝐻 (red in Fig. 10b). The new
capping curves are generated by recursively offsetting the bottom curve
by a desired overhang (1 in this example) and orienting it to the next
plane. They exhibit consistent 𝐿𝑂 𝐻 (orange in Fig. 10c). The printing
isualizations (introduced in Section 2.6) also suggest that the new

capping curves are easier to print. Note that the optimization through
he overhang offset process introduces a deviation from the initial
esign, and the number of layers might change. In Fig. 10, the capping

curves are hidden after the discrete prints are assembled. In other cases,
the designer must verify if the final model aligns with the design intent
nd input boundary conditions.

Another method of local overhang optimization is modeling ad-
ditional geometries and then using boolean operations to update the
toolpaths (similar to Fig. 5).

More generally, sliced toolpath curves can be modified locally and
rapped again (SI 5). A comprehensive discussion of the different

cenarios of overhang optimization is beyond the scope of this article.
In addition to optimizing the overhang value of the sample points,

djusting the seam point of the close toolpath curves also increases the
uildability. An example is provided in SI 7.

2.4. Dimensional accuracy control

This section discusses measures to accurately match the dimensions
f the production and the design surface for assembly purposes. The
ectional shape of material extrusion depends on various factors, in-
luding the nozzle size, layer height, extrusion speed, etc. [80]. Based
n our experimental results and a review of existing literature [81,82],

we propose a sectional model that is characterized by three parameters
(Fig. 11a): layer width 𝑤, layer thickness 𝑡 (𝑡𝑑 for rotary slicing), and
fillet radius 𝑟 ≥ 0.5𝑡. While in Fig. 11, the section is drawn as a smooth
apsule shape with 𝑟 = 0.5𝑡, the following discussion also applies to
 > 0.5t.

If the given surface 𝐺 is the desired boundary of the print, it should
ot be sliced directly to form toolpaths. The center lines of the extrusion
hould sit inside 𝐺 such that the sides of the extrusion will form 𝐺.
onsidering the bumps caused by 𝑟, the desired 𝐺 should be tangent
ith the curved surfaces of the extrusion. Two primitive methods can
e applied. In the toolpath offsetting method (Fig. 11b), the sliced curves

of 𝐺 are offset inward by 0.5𝑤 on their respective planes (forming 𝐺1).
owever, the resulting sections protrude from 𝐺. In the surface offsetting

method (Fig. 11c), 𝐺 is offset inward by 0.5𝑤 to get 𝐺 and then sliced.
2
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Fig. 7. Overhang analysis of double-sided TPMS units trimmed by a 100 mm cube. Units have a wavelength of 100 mm and a surface thickness of 3 mm. The layer thickness
𝑡 = 2 mm. (a) Input geometry 𝐺; (b) local overhang 𝐿𝑂 𝐻 ; (c) global overhang 𝐺 𝑂 𝐻 ; and (d) cumulative distribution of 𝐿𝑂 𝐻 .

Fig. 8. Overhang analysis of the same 𝐺 (a test version of L1 of ‘‘Wall’’) oriented in two different ways: (a) oriented 𝐺; (b) local overhang 𝐿𝑂 𝐻 ; and (c) cumulative distribution
of 𝐿𝑂 𝐻 .

Fig. 9. A failed experiment on L2 of ‘‘Wall’’: (a) breaks suggested by 𝐺 𝑂 𝐻 ; and (b) result of the unfinished printing experiment.
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Fig. 10. Overhang optimization of capping curves through overhang offset, showing 𝐿𝑂 𝐻 visualization and printing visualization: (a) 𝐺; (b) before optimization; (c) after
optimization. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 11. Surface and toolpath offsettings for accurately matching the input 𝐺 and printed layers: (a) sectional model of the extrusion; (b) toolpath offsetting method; (c) surface
offsetting method; and (d) combined method.
The resulting sections, on the opposite, are kept inside 𝐺 with a gap.
To make the sectional arcs tangent to 𝐺, we propose a combined method
(Fig. 11d). 𝐺 is offset inward by 𝑟 to get 𝐺3, on which we expect to have
the desired centers of the fillet arcs. 𝐺3 can be sliced, and the curves
are then offset inward by 0.5𝑤− 𝑟 on planes to get the final center lines
of the extrusion (forming 𝐺4).

Surface offsetting of a solid surface can be done using the volumetric
modeling method of signed distance functions. As the interior and
exterior of 𝐺 have different signs, we can easily offset a complex,
porous 𝐺 in a uniform direction.

To offset toolpaths in a uniform direction, we deal with solid regions
that represent the volumes (SI 6) Since we orient the curves such that
the left side is always inside the region (Fig. 12a), inward offsetting
offsets curves to their left (Fig. 12b) while outward offsetting offset
curves to their right (Fig. 12c). The local curve directions are preserved,
while the number of curves and regions might change due to merging
and splitting.

SI 8 discusses the measures to prevent overfills and deviation of
extrusion at sharp corners to further improve the dimensional accuracy
10
of the production.

2.5. Continuous printing

This section introduces the intra- and cross-layer methods to make
toolpaths as continuous as possible to decrease the number of stop-
starts while preserving surface accuracy and quality.

2.5.1. Intra-layer continuous printing
Fig. 13 illustrates how the number of toolpaths can be reduced in

a layer organized as groups. Simplify group deals with each group of
curves that form a region. It uses pairs of bridge lines to break and
connect adjacent curves at the location where (i) they are closest to
each other and (ii) the distance is under a designated threshold. In
each region, the algorithm first traverses pairs of inner walls, searching
for desired bridging locations. After the remaining inner walls cannot
be further merged, the algorithm creates bridges between each inner
wall and the outer wall if possible. This way, the number of visible
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Fig. 12. Toolpath offsetting based on curve directions using linearized turns: (a) original toolpaths; (b) inward toolpath offsetting result; and (c) outward toolpath offsetting result.
Fig. 13. Toolpath and visualization in intra-layer continuous printing: (a) a layer of original toolpath taken from a porous design; (b) result of simplifying groups; and (c) result
of merging groups in (b). The effect of simplifying/merging is outlined at two locations. By having the distance between the parallel bridge lines smaller than the extrusion width
𝑤, the algorithm creates a slightly over-extruded area to ensure no void is left. The original void is preserved at other locations.
creases introduced on the outer wall is minimized. For example, group
𝑅0 in Fig. 13a has 5 inner walls, between which 3 pairs of bridge lines
(𝐴, 𝐵, and 𝐶 in Fig. 13b) are created. The distance between 𝑃 𝑡0 and
𝑃 𝑡1 exceeds the merging threshold. Therefore, the two remaining inner
walls must be merged with the outer wall using visible creases (𝐷 and
𝐸).

Merge group deals with pairs of groups close to each other. As
shown by the visualization, 𝑅0 and 𝑅1, 𝑅0 and 𝑅2, when printed, touch
each other. The three groups can be merged by bridge lines at the
touching locations to form one continuous outer wall (Fig. 13c). The
visualizations show that the print result only has a minimal change
in the process of reducing toolpath numbers. The order of the two
operations can be reversed.

When a layer still has multiple toolpaths, the printing order of the
toolpaths can be planned to minimize the travel length of the nozzle
for a shorter printing time. Finding an optimal order with the shortest
travel length is a variant of the metric traveling salesman problem
(TSP), which is NP-hard [83]. Heuristic greedy algorithms such as
the nearest neighbor [84] and the nearest insertion [85] can be used
for quick optimization. (TSP is also seen in generating spacing filling
curves [86], a different type of toolpaths in additive manufacturing.)
However, if the next step is to create cross-layer continuous toolpaths,
the in-plane order does not matter.

2.5.2. Cross-layer topology
This section introduces the algorithm to analyze the cross-layer

topology of the print, as applied in Fig. 1. A simple, porous design
is illustrated (Fig. 14a). Denote the hierarchical data structure of the
sliced toolpaths organized in layers as 𝑇 𝑃 . The 𝑗th curve of the 𝑖th
layer is indexed as 𝑇 𝑃𝑖,𝑗 (Fig. 14b). In the alternative data structure
of one-extrusion toolpaths, or 𝑂 𝐸 𝑇 𝑃 , the curves are divided into one-
extrusion patches of cylindrical extrusions (Fig. 14c). Each patch is made
of curves from different layers that form a continuous island when
printed. For every pair of adjacent curves in a one-extrusion, the upper
one is supported solely by the bottom one. The 𝑗th curve of the 𝑖th
patch is indexed as 𝑂 𝐸 𝑇 𝑃𝑖,𝑗 .

To organize the curves as 𝑂 𝐸 𝑇 𝑃 , we analyze the topological rela-
tionship between adjacent layers. This can be done using the definition
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of 𝐿𝑂 𝐻L (Section 2.3.1). Each line in the wireframe model of 𝐿𝑂 𝐻𝐿
between 𝑃 𝑡1 ∈ 𝑇 𝑃𝑖,𝑗 and 𝑃 𝑡2 ∈ 𝑇 𝑃𝑖+1,𝑘 suggests that 𝑇 𝑃𝑖+1,𝑘 depends on
𝑇 𝑃𝑖,𝑗 (Fig. 14d). A directed dependency graph 𝐺𝑇 𝑃 of 𝑇 𝑃 can be formed
such that each vertex represents a curve (Fig. 14e). 𝐺𝑇 𝑃 has an edge
(𝑇 𝑃𝑖,𝑗 , 𝑇 𝑃𝑖+1,𝑘) if and only if there exist 𝑃 𝑡1 ∈ 𝑇 𝑃𝑖,𝑗 and 𝑃 𝑡2 ∈ 𝑇 𝑃𝑖+1,𝑘
such that 𝑃 𝑡1 is sampled as 𝑃 𝑡2’s support point on the 𝑖th layer in
the calculation of 𝐿𝑂 𝐻L. 𝐺𝑇 𝑃 is very similar to the Reeb graph of
𝐺 generated using a height function [87,88]. However, 𝐺𝑇 𝑃 does not
inspect the original surface continuation in 𝐺, and to reflect cross-layer
supporting conditions, it should not.

𝑇 𝑃𝑖,𝑗 and 𝑇 𝑃𝑖+1,𝑘 belong to the same patch if 𝑇 𝑃𝑖,𝑗 supports only
𝑇 𝑃𝑖+1,𝑘, and 𝑇 𝑃𝑖+1,𝑘 is supported only by 𝑇 𝑃𝑖,𝑗 . In other words,
(𝑇 𝑃𝑖,𝑗 , 𝑇 𝑃𝑖+1,𝑘) is the only outgoing edge of 𝑇 𝑃𝑖,𝑗 and the only incoming
edge of 𝑇 𝑃𝑖+1,𝑘. Based on this criterion, all curves can be organized
into 𝑂 𝐸 𝑇 𝑃 utilizing the disjoint set data structure and a layer-by-
layer searching algorithm (Fig. 14f). 𝐺𝑇 𝑃 can be simplified as 𝑂 𝐸 𝑇 𝑃
dependency graph, or 𝐺𝑂 𝐸 𝑇 𝑃 , by merging the vertices in the same patch
(Fig. 14g). Since all edges are from bottom layers to top layers, both
𝐺𝑇 𝑃 and 𝐺𝑂 𝐸 𝑇 𝑃 are directed acyclic graphs (DAG).

2.5.3. Cross-layer continuous printing
To make toolpaths as continuous as possible, we first decide on

the order of the curves utilizing the topology analysis such that more
adjacent pairs of curves can be joined into one for fewer stop-starts.
Our method is based on Zhong et al. [47] but uses a different greedy
strategy that prioritizes the fabrication constraint.

A legitimate order requires that every curve be printed after its
supporting curves, equivalent to the topological sort of the DAG 𝐺𝑇 𝑃 .
Printing the curves in layer ascending order (Fig. 14e 0 to 15) forms
a legitimate topological sort. In the joining process to form 𝐺𝑂 𝐸 𝑇 𝑃 ,
the smallest index in each patch is kept (Fig. 14f 0, 2, 3, 4, 14). When
simplified (Fig. 14g 0, 1, 2, 3, 4), they provide a topological sort of
𝐺𝑂 𝐸 𝑇 𝑃 .

However, another constraint not embedded in the graph representa-
tion is that as the nozzle travels, it should not collide with existing print.
The nozzle and the extruding system have a complex shape. Computing
its collision with all remaining curves every time a new curve is to
be selected has a high time complexity. We adopt an estimation based
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Fig. 14. Data structure and topology analysis of print. Input layer height 𝑡 is exaggerated for display: (a) input geometry 𝐺; (b) 𝑇 𝑃 data structure; (c) 𝑂 𝐸 𝑇 𝑃 data structure; (d)
wireframe model based on 𝐿𝑂 𝐻L; (e) 𝑇 𝑃 dependency graph 𝐺𝑇 𝑃 ; (f) 𝐺𝑇 𝑃 colored by patch; and (g) 𝑂 𝐸 𝑇 𝑃 dependency graph 𝐺𝑂 𝐸 𝑇 𝑃 . (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)
Fig. 15. Continuous printing under the constraint of the nozzle height ℎnozzle.

on the height of the cylindrical nozzle ℎnozzle. When the nozzle travels
between toolpath curves. Say the lowest unprinted layer is the 𝑙th layer,
and the highest printed layer is the 𝑢th layer. The nozzle need not go
below the 𝑢th layer. Potential collision happens between layer 𝑢 and 𝑙.
We require that only the cylindrical part of the nozzle can potentially
touch the printed layers (white in Fig. 15). This can be guaranteed only
if

(𝑢 − 𝑙)𝑡 ≤ ℎnozzle.

Then

𝑛gap =
⌊

ℎnozzle
𝑡

⌋

is the maximal layer index difference between the highest printed layer
and the lowest unprinted layer. Based on this premise, travel paths can
be created between consecutive toolpaths. Each travel path consists of
three line segments: moving up by ℎnozzle, moving to the next start point
but leaving a ℎnozzle vertical gap, and moving down by ℎnozzle (Fig. 15).
The vertical travels ensure that the nozzle does not collide with the
existing print, whether the next toolpath is lower or higher than the
previous one.
12
Under the dependency constraint and the layer difference con-
straint, we use a greedy algorithm to find an as-continuous-as-possible
order (Algorithm 1). The output of the algorithm is the continuous
toolpath 𝐶 𝑇 𝑃 , a list of continuous patches. Each continuous patch is
made of curves from consecutive layers that can be printed in one go.

As the algorithm proceeds, it maintains the set of candidate patches
that satisfy the dependency constraint 𝐸 and keeps track of the max-
imum allowed layer index 𝑢 to limit the layer index difference. The
greedy algorithm recursively looks for the next available one-extrusion
patch in the following order of preference:

• Scenario 1. It can be merged with the previous continuous patch
collected. The distance between the seam of the last curve in
the previous continuous patch and the first curve in the chosen
one-extrusion patch should be less than a designated tolerance
𝑑mer ge such that a ramp can be created between the two curves
for merging. (To avoid unsupported bridges, we used 𝑑merge = 2𝑡.)
This means the two sub-patches of different one-extrusion patches
can be merged into one continuous patch.

• Scenario 2. It has a max layer index no greater than 𝑢. We want to
prioritize smaller patches that can be finished right away so that
upcoming larger patches can potentially have fewer breaks.

• Scenario 3. It is closest to the seam point of the last curve in the
previous continuous patch. This greedy strategy minimizes the
travel length of the nozzle.

Each time the algorithm picks a one-extrusion patch, it might only
take some of its lower layers to not exceed the maximal layer difference.
As a result, some one-extrusion patches are subdivided. If the chosen
continuous patch is going to be merged into the previous one, the
seam point of its first curve is placed accordingly. Every continuous
patch is a cylinder of curves that can be merged into one single cross-
layer toolpath. The seam point of every planar curve is placed as close
as possible to the previous curve in the cylinder (known as being
‘‘reseamed’’).

Fig. 16a—f illustrates the greedy algorithm using a simple branching
geometry. After the curves are reseamed and organized as 𝐶 𝑇 𝑃 , they
are connected using ramps. Every curve 𝐶 𝑇 𝑃 is divided into two
𝑖,𝑗
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Fig. 16. Continuous printing planning and connecting with 𝑛gap = 5: (a) input 𝑂 𝐸 𝑇 𝑃 ; (b)–(f) continuous printing planning; and (g)–(i) continuous printing connecting.

Fig. 17. Continuous printing planning of ‘‘Brick’’ using ℎnozzle = 70 mm: (a) visualization of 𝑂 𝐸 𝑇 𝑃 ; (b) 𝐺𝑂 𝐸 𝑇 𝑃 ; (c) 𝐺′
𝑂 𝐸 𝑇 𝑃 (subdivided 𝐺𝑂 𝐸 𝑇 𝑃 ); (d) visualization of 𝐶 𝑇 𝑃 ; (e) 𝐺′

𝐶 𝑇 𝑃
(subdivided 𝐺𝐶 𝑇 𝑃 ); and (f) 𝐺𝐶 𝑇 𝑃 . (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Algorithm 1 ContinuousPrintingPlanning(𝑂 𝐸 𝑇 𝑃 , 𝑛gap, 𝑑mer ge)
Input:

𝑂 𝐸 𝑇 𝑃 — one-extrusion toolpath. Each patch 𝐸 ∈ 𝑂 𝐸 𝑇 𝑃 is a list of
curves and has:
𝐸 .𝑝𝑎𝑟𝑒𝑛𝑡 — set of patches that 𝐸 depends on;
𝐸 .𝑐 ℎ𝑖𝑙 𝑑 — set of patches that depends on 𝐸;
𝐸 .𝑙 and 𝐸 .𝑢 — lower bound and upper bound of layer indices of

curves in 𝐸;
𝐸[𝑖].𝑠𝑒𝑎𝑚 — seam point of the 𝑖th curve 𝐸[𝑖];

𝑛gap — maximal layer index difference;
𝑑merge — maximal distance for merging two patches.

Output:
𝐶 𝑇 𝑃 — curves reseamed and organized as continuous toolpath;

Uses:
PointCurveDistance(𝑃 𝑡, 𝐶 𝑟𝑣) — returns the distance between 𝑃 𝑡 and its

closest point on 𝐶 𝑟𝑣;
PointPointDistance(𝑃 𝑡1, 𝑃 𝑡2) — returns the distance between 𝑃 𝑡1 and

𝑃 𝑡2;
Reseam(𝐶 𝑟𝑣, 𝑃 𝑡) — returns 𝐶 𝑟𝑣 with its seam point placed as close as

possible to 𝑃 𝑡.
1: 𝐶 𝑇 𝑃 ← empty list
2: 𝑂 𝐸 𝑇 𝑃active ←

{

𝐸 ∈ 𝑂 𝐸 𝑇 𝑃 |𝐸 .𝑝𝑎𝑟𝑒𝑛𝑡 = ∅}
3: while 𝑂 𝐸 𝑇 𝑃active ≠ ∅ do
4: ⊳ Find the next one-extrusion patch 𝐸next.
5: 𝑢 ← min

{

𝐸 .𝑙|𝐸 ∈ 𝑂 𝐸 𝑇 𝑃active
}

+ 𝑛gap
6: 𝑆 ←

{

𝐸 ∈ 𝑂 𝐸 𝑇 𝑃active|𝐸 .𝑙 ≤ 𝑢
}

7: 𝑚𝑒𝑟𝑔 𝑒 ← False
8: if 𝐶 𝑇 𝑃 = ∅ then
9: 𝐸next ← (ar g min𝐸∈𝑆 𝐸 .𝑢)[0]

10: else
11: 𝑃 𝑡ref ← 𝐶 𝑇 𝑃 [−1][−1].𝑠𝑒𝑎𝑚
12: if ∃𝐸 ∈ 𝑆 , 𝐸 .𝑙 = 𝐶 𝑇 𝑃 [−1].𝑢 + 1 and PointCurveDistance(𝑃 𝑡ref, 𝐸[0])

≤ 𝑑merge then ⊳ Scenario 1.
13: 𝐸next ← 𝐸
14: 𝐸next[0] ← Reseam(𝐸next[0], 𝑃 𝑡ref)
15: 𝑚𝑒𝑟𝑔 𝑒 ← True
16: else
17: if ∃𝐸 ∈ 𝑆 , 𝐸 .𝑢 ≤ 𝑢 then ⊳ Scenario 2.
18: 𝑆 ← ar g min𝐸∈𝑆 𝐸 .𝑢
19: 𝐸next ←

(

ar g min𝐸∈𝑆 PointPointDistance
(

𝑃 𝑡ref, 𝐸[0].𝑠𝑒𝑎𝑚
))

[0]
⊳ Scenario 3.

0: ⊳ Solve the upper limit of the layer index in the next continuous
toolpath 𝑢next.

1: 𝑢next ← min
{

𝐸next.𝑢,min
{

𝐸 .𝑙|𝐸 ∈ 𝑆 , 𝐸 ≠ 𝐸next
}

+ 𝑛gap
}

2: ⊳ Collect curves of the next continuous toolpath 𝐶next and add to
𝐶 𝑇 𝑃 .

3: 𝐶next ← 𝐸next
[

∶ 𝑢next − 𝐸next.𝑙
]

4: for 𝑖 ← 0 to |𝐶next| − 2 do
5: 𝐶next[𝑖 + 1] ← Reseam(𝐶next[𝑖 + 1], 𝐶next[𝑖].𝑠𝑒𝑎𝑚)
6: if 𝑚𝑒𝑟𝑔 𝑒 then
7: 𝐶 𝑇 𝑃 [−1] ← 𝐶 𝑇 𝑃 [−1] + 𝐶next
8: else
9: 𝐶 𝑇 𝑃 . append(𝐶next)
0: 𝐶 𝑇 𝑃 [−1].𝑢 ← 𝑢next
1: ⊳ Update information in 𝑂 𝐸 𝑇 𝑃 .
2: 𝐸next ← 𝐸next

[

𝑢next − 𝐸next.𝑙 ∶
]

3: 𝐸next.𝑙 ← 𝑢next + 1
4: if 𝐸next = empt y list then
5: for all 𝐸 in 𝐸next.𝑐 ℎ𝑖𝑙 𝑑 do
6: 𝐸 .𝑝𝑎𝑟𝑒𝑛𝑡.remove(𝐸next)
7: if 𝐸 .𝑝𝑎𝑟𝑒𝑛𝑡 = ∅ then
8: 𝑂 𝐸 𝑇 𝑃active.add(𝐸)
9: 𝑂 𝐸 𝑇 𝑃active.remove(𝐸next)
0: return 𝐶 𝑇 𝑃

egments: 𝐴𝑖,𝑗 of a fixed length 𝐿ramp whose midpoint is the original
eam, and 𝐵𝑖,𝑗 , the remainder (Fig. 16g). In the 𝑖th continuous patch of
curves, the 𝑗th cross-layer ramp 𝐶𝑖,𝑗 (𝑗 = 1, 2,… , 𝑛 − 1) is created by

lending two adjacent layers as
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𝑖,𝑗 (𝑡) = (1 − 𝑡)𝐚𝑖,𝑗−1(𝑡) + 𝑡𝐚𝑖,𝑗 (𝑡), 0 ≤ 𝑡 ≤ 1

here 𝐚𝑖,𝑗 (𝑡) represents 𝐴𝑖,𝑗 and 𝑡 is the relative length parameter of 𝐚𝑖,𝑗
Fig. 16h). Note that 𝑡 is not necessarily the relative length parameter

of the resulting 𝐜𝑖,𝑗 . Additionally, 𝐶𝑖,0 is the second half of 𝐴𝑖,0 and 𝐶𝑖,𝑛
is the first half of 𝐴𝑖,𝑛−1. Then the 𝑖th single continuous toolpath curve
is represented by the segments

𝑖,0, 𝐵𝑖,0, 𝐶𝑖,1, 𝐵𝑖,1,… , 𝐶𝑖,𝑛−1, 𝐵𝑖,𝑛−1, 𝐶𝑖,𝑛

o cover the entire cylinder in one go.
Similar to 𝐺𝑇 𝑃 and 𝐺𝑂 𝐸 𝑇 𝑃 , we can represent the relations between

ontinuous patches using a dependency graph 𝐺𝐶 𝑇 𝑃 . Fig. 17 gives
 graph-based view of how the curves are reorganized from 𝑂 𝐸 𝑇 𝑃
Fig. 17a) to 𝐶 𝑇 𝑃 (Fig. 17d) using a complex, porous example. In
he process of the greedy search, 𝐺𝑂 𝐸 𝑇 𝑃 ’s vertices representing the
ne-extrusion patches are subdivided such that a new DAG 𝐺′

𝑂 𝐸 𝑇 𝑃 is
ormed (Fig. 17b, c). 𝐺′

𝑂 𝐸 𝑇 𝑃 has two topological sorts, one following
he original indices and one being the order of inquiry in the searching
lgorithm. The vertices can be reindexed according to the searching

order, and adjacent vertices that will be merged will share the same
color. This gives us a 𝐺′

𝐶 𝑇 𝑃 (Fig. 17e), identical to 𝐺′
𝑂 𝐸 𝑇 𝑃 but with

ifferent indices and color codes. Finally, as determined by the search
lgorithm, the chosen vertices are merged to form 𝐺𝐶 𝑇 𝑃 (Fig. 17f).

While our algorithm for continuous printing planning assumes the
planar curves to be closed, they also assist the path planning of open
curves. Huang et al. [89] summarized three cross-layer continuous
rinting scenarios: loop path (our method), retracing path, and alter-
ate path. Our topology analysis and algorithm of organizing contin-
ous patches also apply and are important to the last two scenarios
ith open curves, where simple post-processing would make each patch

ontinuous.
A simple printing simulation can be performed to verify that the

rinting scheme is collision-free. If a collision is detected, the designer
can opt for a smaller ℎnozzle or manually modify the curves.

.6. Visualization and simulation

SI 9 and 10 present the methods to generate efficient visualization
eshes for representing the print and toolpath meshes for simulation.
ig. 18 shows how toolpath mesh assists the comparison between
riginal toolpaths and optimized toolpaths. A volumetric modeling tool

generates the input 𝐺 (Fig. 18a). The optimized 𝑇 𝑃 is prepared using
he toolpath boolean method (Fig. 18b, Fig. 5). For both the original

and optimized 𝑇 𝑃 , three types of meshes are generated:

1. Toolpath mesh (Fig. 18c) is reconstructed using the discussed
algorithm. The wireframe model captures the surface change
caused by modifying the toolpath curves. However, this mesh
is not ready for simulation as it does not consider the extrusion
width.

2. Visualization mesh (Fig. 18d) is easy to generate and cap-
tures the difference. It is not simulation-ready since it has
self-intersections and the interfaces between adjacent layers
must be modeled separately.

3. Thickened toolpath mesh (Fig. 18e) is the toolpath mesh of the
thickened toolpath. The thickened toolpath is the result of off-
setting the toolpath by 𝑤∕2 on both sides (Section 2.4) and
is not an actual ‘‘toolpath’’. The region they represent is the
area filled with material extrusion. Therefore, the toolpath mesh
of the thickened toolpath represents the volume of the print,
as supported by a comparison between Fig. 18d and e. The
thickened toolpath mesh is manifold, watertight, and free of
self-intersection. With tools such as fTetWild [90], the surface
meshes can be converted into volumetric meshes compatible
with FEA software. Our FEA results (Fig. 18f) using Abaqus sug-
gest that the optimized version has less maximal displacement
under the load of 9 kN.
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Fig. 18. Comparison between original and optimized toolpaths in Fig. 5, showing the mesh edges: (a) 𝐺; (b) 𝑇 𝑃 ; (c) toolpath mesh; (d) visualization mesh; (e) thickened toolpath
mesh; and (f) FEA results showing the maximal displacements 𝑈max.
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Fig. 19. Software implementation: (a) the component panel of Ovenbird for Grasshopper® and (b) the comprehensive workflow of using Ovenbird based on Fig. 2.
Fig. 20. Toolpath total length and computation time of different inputs.
3. Software implementation

We have implemented the discussed methods as a plug-in software
named Ovenbird [91] within the modeling and visual programming
environment Grasshopper® for Rhino®. The plug-in uses Grasshopper’s
native methods and data types for handling and pipelining geometries,
allowing users to intervene at any point (Fig. 19). The results and
diagrams in this article are prepared using Grasshopper® and Ovenbird.

Fig. 20 shows the computation time of the examples concerning
the total toolpath length. Tests were performed on a laptop with
an Intel Core i9-13950HX CPU and 32 GB of RAM. The slicing and
visualizing time needed for each component in this article is less than
2 min. Geometries from the half-scale bridge (HB1—5) and the full-
scale bridge (FB1—5) in Table 1f are included to show large-scale
applications. Linear regression shows that, on average, one meter of
toolpath takes 0.21 s to compute and visualize.
16
4. Results

The proposed overhang analysis is performed on the sliced toolpaths
of the four sets of examples. ‘‘Brick’’ and ‘‘TPMS’’ are optimized by
modifying curves and rewrapping as toolpaths. The three ‘‘Wall’’ units
are optimized using the toolpath boolean method. ‘‘Panel’’ is kept as
sliced. Fig. 21 shows the local and global overhang of the optimized
toolpaths and their visualization meshes.

The optimized toolpaths are then converted into continuous tool-
paths through intra- and cross-layer continuous printing planning
(Fig. 22). Table 3 compares the reduction in number of curves (or
stop-starts) when ℎnozzle = 80 mm, 𝑡0 = 10 mm, and 𝑛gap = 8, as
used in our production. 𝑅subd = 𝑛𝐶 𝑇 𝑃 ∕𝑛𝑂 𝐸 𝑇 𝑃 is the rate of subdivision
of the one-extrusion patches. For smaller prints with 𝑅subd < 1, the
number of continuous toolpaths needed is less than the number of one-
extrusion patches because of merging. 𝑝 =

(

1 − 𝑛 ∕𝑛
)

× 100% is the
𝐶 𝑇 𝑃 𝑇 𝑃
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Fig. 21. Overhang analysis of the four examples: (a) 𝐺; (b) 𝑇 𝑃 ; (c) 𝐿𝑂 𝐻L; (d)𝐺 𝑂 𝐻 ; and (e) Visualization Mesh of 𝑇 𝑃 .
Table 3
Result of continuous printing planning.

Design Unit Bounding dimensions (mm) 𝑛 𝑛𝑇 𝑃 𝑛𝑂 𝐸 𝑇 𝑃 𝑛𝐶 𝑇 𝑃 𝑅subd 𝑝

(a) Brick 1U 530 × 205 × 500 50 108 10 8 0.8 92.6%
2U 1060 × 205 × 500 50 166 15 19 1.3 88.6%

(a) TPMS 454 × 454 × 200 21 72 16 10 0.6 86.1%

(c) Wall L1 439 × 254 × 452 39 103 5 9 1.8 91.3%
L2 569 × 254 × 384 40 139 6 13 2.2 90.6%
L3 554 × 254 × 457 41 109 5 9 1.8 91.7%

(d) Panel 984 × 361 × 1640 164 632 24 64 2.7 89.9%
percentage decrease in the number of curves to print. On average, the
toolpaths experience a 𝑝 = 90% reduction in their numbers.

Different nozzle heights are tested in continuous printing planning
to reveal their relationship with the number of 𝐶 𝑇 𝑃 . Fig. 23 shows
a roughly linear relationship between 𝑛gap and 𝑛𝑇 𝑃 ∕𝑛𝐶 𝑇 𝑃 that can be
expressed as
𝑛𝑇 𝑃 ≈ 𝑛 + 2
17

𝑛𝐶 𝑇 𝑃 gap
which gives us

𝑝 =
(

1 − 𝑛𝐶 𝑇 𝑃
𝑛𝑇 𝑃

)

× 100% ≈
𝑛gap + 1
𝑛gap + 2 × 100%.

When 𝑛gap = 8, 𝑝 ≈ 90%, in line with our results in Table 3.

Note that 𝑝 ≈ 50% when 𝑛gap = 0, because the planning algorithm
creates ramps to connect certain pairs even if the nozzle height is set
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Fig. 22. Topological analysis and continuous printing planning of the four examples: (a) 𝑂 𝐸 𝑇 𝑃 (after intra-layer reducing); (b) 𝐺𝑂 𝐸 𝑇 𝑃 ; (c) 𝐶 𝑇 𝑃 ; (d) 𝐺′
𝐶 𝑇 𝑃 (subdivided 𝐺𝐶 𝑇 𝑃 );

and (e) visualization mesh of 𝐶 𝑇 𝑃 , showing the ramps for connecting adjacent layers.
as 0. Thus, for thermoplastic printers where long nozzles are undesir-
able, the planning algorithm still significantly reduces the number of
stop-starts.

There exist upper bounds for the reduction. The marginal utility
becomes minimal as the nozzle height exceeds the average height of the
one-extrusion patches (𝑛gap > 𝑛𝑇 𝑃 ∕𝑛𝑂 𝐸 𝑇 𝑃 , dashed in Fig. 23. To further
illustrate this effect, scalded-up ‘‘TPMS’’ has been sliced and added to
Fig. 23). Longer nozzles also bring a higher chance of collision, which
is not considered in the greedy search.

All four sets of examples are successfully printed and assembled. The
print result shows the effect of the distinct geometric features. Fig. 24a
shows the slumping issue at the extreme overhangs (𝐿𝑂 𝐻 ≈ 1) and
bridges, while the islands build up without collapsing, as suggested
by 𝐺 𝑂 𝐻 = 0. Due to the small size of the islands, the bleeding seam
defects inherent to the extruding system caused by the start-stops are
also prominent. Fig. 24b shows that a single layer (half the wavelength)
of Diamond TPMS surface can be thickened and printed. The overhang
18
analysis and the printing result suggest that for larger TPMS prototypes
to be printed free of support, they have to be morphed and trimmed.
The discrete wall system in Fig. 24c is an example of adapting TPMS
prototypes and thus reducing local and global overhangs. The three
bricks are segmented by single continuous faces with reinforced bridges
for structural integrity. It shows the robustness of our method in dealing
with non-planar geometries and building porous wall systems. Fig. 24d
is a large panel unit that takes 70 min to print. The continuous printing
planning minimized the number of start-stops to protect the layer line
texture. While the porous panel was originally cast by the artist, our
reproduction shows the advantage of additive manufacturing in rapid
prototyping.

5. Conclusion

This article introduced an integrated, automated framework for
toolpath design of 3DCP structural components. The framework is built
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Fig. 23. Effect of nozzle height in continuous printing planning, seam not aligned.
upon a hierarchical data structure of sliced curves and is equipped
with agile functionalities to assess and optimize the buildability of
he geometry, enhance the dimensional accuracy of the print, create

continuous toolpaths with minimized stop-starts for porous components
and visualize the print and pipeline it for finite element simulation. It
contributes to the knowledge of 3DCP design from geometrical perspec-
tives by defining overhang properties, offering geometrical processing
methods, and providing standards for utilizing meshes.

The robustness and efficiency of our software implementation and
he underlying algorithms liberate designers from the tedious and
mpirical tasks of manual toolpath design and optimization. The ef-
ectiveness and versatility of the tool are demonstrated by four sets of
xamples and our previous research [55,92–94].

Currently, the method is limited in the following aspects. The
oolpath-based overhang analysis does not take into account the rhe-
logy of the material or consider the speed and flow rate of the nozzle.
or instance, a straight, thin wall is prone to buckling in reality but
ill be evaluated as buildable in our method. To better predict the
uildability of the print, numerical analysis can be designed to incor-
orate these factors. The study can also be coupled with quantitative
ssessments of the dimensional accuracy of the final prints to increase
he precision of the structural components for assembly. Planar printing
ith rotary slicing adapts to components with non-parallel faces. For

ertain free-form geometries, non-planar layers can improve the build-
bility. Alternative data structures and algorithms that accommodate
on-planar layers and apply to the proposed analysis and optimization
an be explored. For computation efficiency, the continuous printing
lanning algorithm relies solely on the nozzle height. An efficient
earching algorithm that considers the nozzle-print collision can be
19

urther developed. a
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Fig. 24. Print results: (a) ‘‘Brick’’; (b) ‘‘TPMS’’; (c) ‘‘Wall’’; and (d) ‘‘Panel’’.
Data availability

Data will be made available on request.
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