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ABSTRACT 

This paper directly links the abstract geometry of structural form-finding to the fabrication-aware design of 
discrete shells and spatial structures for 3D concrete printing through a bidirectional approach that creates 
surface-toolpath twins for the components, optimizing their buildability and surface quality. The design-to-
production process of efficient structural systems for 3D printing is often a top-down unidirectional process 
involving form-finding, segmentation, and slicing, where results face printability challenges due to incompatibility 
between the initial geometry and the printing system, as well as material constraints. We introduce surface-
toolpath twins that can be interconverted and synchronized through efficient slicing and surface reconstruction 
algorithms, allowing for the combination of optimizations and modifications on either part of the twin in flexible 
orders. We provide two core methods for fabrication rationalization: (1) global buildability optimization on the 
surface mesh by normal-driven shape stylization and (2) local surface quality optimization on toolpath curves 
through intra-layer iterative adjustments. The result is a bidirectional design-to-production process where one 
can plug and play different form-finding results, assess and optimize their fabrication schemes in the conventional 
way, or leverage knowledge in fabrication design, model toolpath curves as sections, reconstruct surfaces, and 
merge them into form-finding and segmentation in an inverse way. The proposed framework enables the 
integration of form-finding expertise with fabrication-oriented design, allowing the realization of spatial shell 
structures with complex topologies or extreme geometrical features through 3D concrete printing. 
 
Keywords: 3D concrete printing, continuous shells, toolpath design, shape stylization, surface reconstruction, 
buildability, design for manufacturing 
 
 
1. INTRODUCTION 

Extrusion-based 3D printing has emerged as a 
transformative technology for constructing advanced 
structural systems with increased design freedom [1, 
2]. The additive manufacturing process enables the 
efficient construction of concrete shells and spatial 
structures with non-planar surfaces and complex 
topologies. These efficient structural forms are 
typically segmented into discrete components, 3D 
printed separately, and assembled on site [3–5] to 
integrate different printing orientations, utilize 

material anisotropy, and embed reinforcements. 

While advanced form-finding techniques promise 
structural efficiency and expression, the design-to-
production process faces challenges in buildability 
and surface quality. The successful printing of the 
structural components is contingent upon the 
printing system, material properties, and input 
geometries. Previous work outlines the criteria for 
their buildability and provides methods of predicting 
failure [6], thereby suggesting locations of manual 
modification. 
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Figure 1: Surface-toolpath twins allow for the combination of optimizations and modifications on either part of the twin in 

flexible orders, enabling the integration of form-finding expertise with fabrication-oriented design 

 
Figure 2: Proposed bidirectional approach highlighting the inputs, outputs, and optimization/operation steps

This paper accelerates this top-down process 
involving form-finding, segmentation, and slicing by 
establishing a bidirectional design-to-production 
approach based on surface-toolpath twins (Figures 1 
and 2). It demonstrates how the surface 
representation and the toolpath representation of a 
component form a pair of twins that can be 
interconverted and synchronized through efficient 
slicing and surface reconstruction algorithms 
(Section 2). Two core methods for fabrication 
rationalizations are then introduced: (1) global 
buildability optimization on the surface mesh by 
normal-driven shape stylization (Section 3) and (2) 
local surface quality optimization on toolpath curves 
through intra-layer iterative adjustments (Section 4). 
The surface-toolpath twins thus enable the 
optimizations and modifications on either part of the 
twin in flexible orders, regardless of the type of input 
geometry. The proposed methods convert surface 
design inputs into fabrication-ready toolpaths of 
optimal buildability and surface quality, while 
returning synchronized, optimized surfaces for 
design iterations. (In the unidirectional fashion, one 
can not recover the initial surface after modifying the 
toolpath curves.) Furthermore, by accepting toolpath 

curves as direct input and connecting the 
synchronized surface to analysis and visualization 
methods (and even alternative fabrication methods), 
the workflow becomes fully bidirectional between 
surface and toolpath, thereby unifying design 
freedom and fabrication rationalization (Section 5). 

The result of this paper is a toolset of analyses and 
optimizations organized in a bidirectional 
framework. With the proposed framework, one can 
combine expertise in form-finding and fabrication-
oriented design and realize spatial shell structures 
with complex topologies or extreme geometrical 
features through 3D concrete printing.  

2. SURFACE-TOOLPATH TWINS 

Surface. The surface and the volume are intrinsic 
properties of a 3D solid object, where the surface is 
a watertight 2D manifold that represents the 
boundary of the object, enclosing the volume. 
Architects and structural engineers exploit surfaces 
to model and communicate lightweight structural 
designs. They are (i) the direct product of shell form-
finding methods such as force density method [7], 
thrust network analysis [8], polyhedral graphic 
statics [9, 10], and can also be easily derived from 
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Figure 3: (a) A slice of the toolpath mesh. (b) Types of tetrahedra (showing three interior tetrahedra)

 
Figure 4: 𝑢𝑢 covers 𝑣𝑣 if relative to 𝑢𝑢, we have 𝑢𝑢.𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛, 𝑣𝑣′, 

and 𝑢𝑢.𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 in counterclockwise order  

either (ii) volume-based methods such as topological 
optimization [11] and signed distance fields [12] by 
extracting the boundaries, or (iii) bar-node models 
such as polyhedral frames [13] by thickening. 

Toolpath. Toolpath refers to a sequence of 
movement instructions to an end effector, typically 
an extruder on a robotic arm or gantry in 3D concrete 
printing. In this paper, a toolpath is defined as a 
hierarchical data structure of planar curves organized 
in layers, as in [14]. To form surface-toolpath twins, 
the curves should be free of (self-)intersections and 
closed. In circumstances where open curves are 
necessary, they can be temporarily closed to adapt to 
the surface-toolpath twins framework and reopened 
afterwards. 

2.1. Slicing 

Slicing converts a surface into a toolpath. Types of 
surfaces, including NURBS surfaces [15], polygon 
meshes [16], and subdivision surfaces [17], can be 
intersected with equidistantly distributed planes 
(height functions) to form the hierarchical data 
structure of the toolpath (See supplementary 
information of [6]). The 2D manifold in 3D space is 
thereby represented by a series of 1D manifolds in 
2D spaces. The resulting curves are closed, free of 
intersections, and can be consistently oriented such 
that the left side is always the interior. 

2.2. Surface Reconstruction for Mutual 
Conversions 

We introduce an efficient algorithm that converts a 
toolpath back to a triangular mesh surface. The 
surface reconstruction from cross-sections problem 
is comprehensively reviewed by [18]. While existing 
methods successfully reconstruct surfaces with 
complex topologies, a faster algorithm that harnesses 
the properties of concrete 3D printing toolpath 
curves is needed to synchronize the twins in real-
time. Our method is inspired by [19] and adopts an 
alternative polygonal view of toolpath curves. Since 
toolpath curves for 3D concrete printing should have 
moderate curvatures, they can be approximated as a 
polygon with segments of similar lengths. For a 
printable toolpath, the normals of the short segments 
should not change drastically. Given a resolution 𝐿𝐿𝑅𝑅, 
a curve of length 𝐿𝐿 is represented by ⌈𝐿𝐿/𝐿𝐿𝑅𝑅⌉ sample 
points uniformly distributed using the length 
parameters (Figure 3a). Surface meshes are 
generated using these vertices between adjacent 
layers and then joined to form the complete surface, 
also called the toolpath mesh. For faces to have 
reasonable aspect ratios, we recommend using the 
layer thickness (also called “height”) 𝑡𝑡  as 𝐿𝐿𝑅𝑅 . A 
large 𝐿𝐿𝑅𝑅  might result in significant deviation from 
the input curves. To improve the resolution, a smaller 
𝐿𝐿𝑅𝑅 can be used. 

2.2.1. A slice of the toolpath mesh between two 
adjacent layers. A slice of the toolpath mesh is 
generated by (i) using 3D Delaunay triangulation to 
populate volumetric tetrahedra that fill the space 
between the two planes, (ii) selecting those 
representing the interior, and (iii) extracting their 
surface faces. In (ii), we introduce the 
TETRACLASSIFICATION algorithm that examines a 
tetrahedron 𝑇𝑇 and decides on its type (examples in 
Figure 3b) and merging threshold 𝑓𝑓(𝑇𝑇). (Out of 𝑇𝑇’s 
at most four neighboring tetrahedra, if at least 𝑓𝑓(𝑇𝑇) 
tetrahedra are interior, then 𝑇𝑇 is also selected to be 
interior and merged with its neighbors.) 

Figure 5 illustrates how TETRACLASSIFICATION 
investigates the shape of the local neighborhoods on 
the toolpath curves concerning the four vertices. The 
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Figure 5: TETRACLASSIFICATION determines the tetrahedron type and the merge threshold 𝑓𝑓(𝑇𝑇)

philosophy of TETRACLASSIFICATION is built on the 
following observations: (i) The local orientation of a 
toolpath curve point signifies the interior. (ii) 
Tetrahedra that would act as the boundary of the 
volume have more interior neighbors. (iii) Edges that 

are too long should be avoided. 

Key terms used in Figure 5 are defined as follows: 

• A vertex 𝑢𝑢 covers another vertex 𝑣𝑣 if when 𝑣𝑣 is 
projected onto 𝑢𝑢’s plane as 𝑣𝑣′, 𝑣𝑣′  is inside the 
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Figure 6: A 3-layer example of surface reconstruction: (a) input surface 𝑆𝑆 and sliced toolpath 𝑇𝑇𝑇𝑇 (centerlines of extrusion, 
𝑇𝑇𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠); (b) toolpath mesh 𝑀𝑀; (c) offset toolpath 𝑇𝑇𝑃𝑃′ and the extruded regions; (d) toolpath mesh for the extruded volume 

𝑀𝑀′; and (e) visualization mesh 𝑀𝑀𝑣𝑣𝑣𝑣𝑣𝑣 

 
Figure 7: Examples of 𝑇𝑇𝑇𝑇 (color-coded by layer), 𝑀𝑀, and 𝑀𝑀′. 10 mm layer thickness, on a uniform scale. Showing number 
of layers 𝑛𝑛layer, vertex count 𝑉𝑉, and computation time on a laptop with an Intel Core i9-13950HX CPU and 32 GB of RAM. 

Implementation discussed in Section 6. First row: a porous column; the Stanford bunny, ©Stanford 3D Scanning 
Repository; a Gyroid TPMS brick. Second row: a porous panel, after Erwin Hauer [6, 20]; a Diamond-TPMS-inspired 

component for a post-tensioned canopy structure [5]

sector defined by the two edges (𝑢𝑢,𝑢𝑢. next) and 
(𝑢𝑢,𝑢𝑢. prev)  incident to 𝑢𝑢  connecting 
neighboring sample points (illustrated in Figure 
4). Since the polygon is consistently oriented, 
the left side of the two edges is the interior. 

• An edge or a face of 𝑇𝑇 inside one toolpath layer 
is in region if it is inside the closed interior 
formed by the toolpath curves on that layer. In 
TETRACLASSIFICATION: An edge (𝑢𝑢, 𝑣𝑣)  is in 
region if it is a native edge (𝑢𝑢, 𝑣𝑣 are neighboring 
sample points) or 𝑢𝑢  covers 𝑣𝑣  or 𝑣𝑣  covers 𝑢𝑢 . A 
face (𝑢𝑢, 𝑣𝑣,𝑤𝑤) with vertices in counterclockwise 
order is in region if any edge is native or every 
vertex covers at least one other vertex. 

• The typical diagonal length 𝐿𝐿𝐷𝐷 = �𝑡𝑡2 + 𝐿𝐿𝑅𝑅2 . 

After TETRACLASSIFICATION has examined every 
tetrahedra, a depth-first search (DFS) takes place to 
collect and merge the tetrahedra to form the interior. 
The algorithm collects all 𝑇𝑇 with 𝑓𝑓(𝑇𝑇) = 0, where 
for each 𝑇𝑇, it traverses all its neighboring tetrahedra 
and attempts to merge when they meet the merge 
threshold. Whenever a 𝑇𝑇 is merged, its neighboring 
tetrahedra are searched again. Finally, the collected 
side faces that did not cancel out form the toolpath 
mesh slice as in Figure 3a. 

 
Figure 8: Toolpath and the extruded profile 

2.2.2. The complete toolpath mesh. There exist two 
forms of “toolpaths” for a printing scheme with 
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planar layers. The toolpath on nozzle planes 
𝑇𝑇𝑃𝑃nozzle  is the trajectory of the tool center point 
(TCP), or the tip of the nozzle. As shown by the 
Figure 8, it contains the center-top points of the 
extruded profiles. The toolpath on slicing planes 
𝑇𝑇𝑃𝑃slicing, on the other hand, is the center line of the 
extrusion. The two forms can be easily 
interconverted since the slicing plane is just the 
middle plane between this slicing plane and the 
previous one. (When slicing, the slicing planes 
intersect with the surface to get 𝑇𝑇𝑃𝑃slicing, which is 
then transformed per layer to form 𝑇𝑇𝑃𝑃nozzle.) 

Each slice of the toolpath mesh interpolates the 
𝑇𝑇𝑃𝑃slicing curves of two adjacent layers. It represents 
the volume of the input surface between the two 
layers. Therefore, for the top and bottom layers, half-
layer-height face loops and cap faces are needed to 
form the complete toolpath mesh. As illustrated in 
Figures 6a and b, a complete toolpath mesh 𝑀𝑀  is 
formed by (i) the side faces from all slices 𝐹𝐹main; (ii) 
the vertical faces formed by extruding the bottom 
and top layers 𝐹𝐹ver; and (iii) the cap faces formed by 
triangulating naked edge loops 𝐹𝐹cap. 

Twin relations. 𝑀𝑀 is a reconstructed representation 
of 𝑆𝑆. It is an isotropic mesh approximation to 𝑆𝑆 with 
insignificant deviation at the sub-layer level. If 𝑀𝑀 is 
sliced again, we obtain a new toolpath 𝑇𝑇𝑃𝑃𝑀𝑀  that is 
essentially the polylines connecting the sample 
points on 𝐺𝐺’s 𝑇𝑇𝑇𝑇 that are used to generate 𝑀𝑀. 𝑇𝑇𝑃𝑃𝑀𝑀 is 
a polyline approximation of 𝑇𝑇𝑇𝑇 . The surface 
reconstruction of 𝑇𝑇𝑃𝑃𝑀𝑀 will bring back the same 𝑀𝑀. 
𝑀𝑀  and 𝑇𝑇𝑃𝑃𝑀𝑀  will form a lossless pair of surface-
toolpath twins. 

Representing the extruded volume. Another toolpath 
mesh can be generated to represent the volume of 
extrusion for simulation and representation 
purposes. By offsetting a toolpath 𝑇𝑇𝑇𝑇 on both sides 
by half of the extrusion width 𝑤𝑤/2 , we get a pseudo-
toolpath 𝑇𝑇𝑃𝑃′  whose interior region represents the 
extrusion (Figure 6c). Its toolpath mesh 𝑀𝑀′ 
represents the volume of extrusion (Figure 6d) and is 
compact compared with the visualization mesh 
(Figure 6e). It serves as the input for simulations 
such as finite element analysis (FEA). If a mesh 
representing a printed shell with casted infill is 
desired, offsetting can occur only on the outer (right) 
side. 

Time complexity. The 3D Delaunay triangulation that 
computes such tetrahedra for a slice of toolpath mesh 
is made possible by lifting the vertices into 4D, 

generating the 4D convex hull, and recovering the 
tetrahedra from 3-simplex faces [22]. The famous 
Quickhull algorithm achieves this in 𝑂𝑂(𝑛𝑛2)  time, 
bounded by the size of the output [23], where 𝑛𝑛 is the 
size of input vertices, depending on the total length 
of curves within the same layer. For randomly placed 
vertices, the convex hull is expected to have 𝑂𝑂(𝑛𝑛) 
faces, and thus uses 𝑂𝑂(𝑛𝑛) time. While the vertices 
are contained in two planes, there is no better upper 
bound than 𝑂𝑂(𝑛𝑛2) in the output size/time required. 
(Two layers with slender shapes perpendicular to 
each other will produce Ω(𝑛𝑛2)  tetrahedra.) 
TETRACLASSIFICATION on each tetrahedron uses 
𝑂𝑂(1)  time. DFS uses 𝑂𝑂(𝑛𝑛2)  time to inspect and 
merge all 𝑂𝑂(𝑛𝑛2) tetrahedra. The total time used per 
layer is thus 𝑂𝑂(𝑛𝑛2). Each layer can be computed in 
parallel. Figure 7 shows the result and computation 
time on five sets of examples. The proposed method 
may not produce a smooth, continuous surface when 
toolpath curves change drastically between layers, 
making the design unprintable (e.g., see the Stanford 
bunny). 

Non-parallel layers. While most toolpaths have 
parallel layers, the methods introduced in this paper 
also apply to non-parallel layers with moderate 
angles, either through (i) using variable 𝑡𝑡, (ii) using 
a nominal 𝑡𝑡 for the variable thickness of a layer, or 
(iii) temporarily putting the layers on parallel planes. 

3. GLOBAL OPTIMIZATION OF THE 
SURFACE FOR BUILDABILITY 

Researchers have combined self-supporting 
constraints with topological optimization to generate 
efficient structural components printed free of 
supports [24, 25]. However, the generative method 
offers limited design freedom and does not adhere to 
the holistic design principles of discrete structural 
systems. To directly optimize the buildability of a 
given geometry, studies have employed curve-based 
[26] and voxel-based [27] methods, where results 
were limited to predefined configurations or saw 
significant changes from the input shapes and 
topology. Here we propose a versatile method of 
buildability optimization that operates on the surface 
mesh using normal-driven shape stylization. It reads 
any manifold mesh, takes as input a target overhang 
angle and a strength parameter, and outputs an 

 
Figure 9: Toolpath overhang and surface normal
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Figure 10: Application of normal-driven spherical shape analogy in overhang optimization. Format partly after [21]. 

Sydney Opera House as an example, with bottom vertices locked (red in 𝐵𝐵′, gray in 𝐷𝐷𝐵𝐵−𝐵𝐵′) 

 
Figure 11: Overhang optimization examples with fixed boundaries (gray in 𝐷𝐷𝐵𝐵−𝐵𝐵′) showing optimization parameters 𝜃𝜃 and 
𝜆𝜆 , deformation 𝐷𝐷𝐵𝐵−𝐵𝐵′, and overhang distributions of 𝐻𝐻𝐵𝐵,𝐻𝐻𝐵𝐵′. Left: a shellular funicular column [9]. Top right: a double-

sided Gyroid TPMS unit. Bottom right: a topologically optimized branching support structure

optimized mesh with preserved topology and local 
shapes, where certain parts can also be fixed as 
boundaries. 

3.1. Normal-Driven Stylization 

The local overhang of a toolpath is defined per 
sample point as the projected offset between the 
point and its supporter on the previous layer, divided 
by the layer thickness [6] (𝑑𝑑/𝑡𝑡 in the Figure 9). On 

the surface twin, it can be approximated as the 
tangent of the angle between the sample point’s 
normal direction on the surface 𝑆𝑆 and the world XY 
plane, tan𝜃𝜃 ≈ 𝑑𝑑/𝑡𝑡 . Therefore, if we can effectively 
control the distribution of a surface’s normal 
directions, we can perform overhang optimization on 
the surface twin. [21] introduced a mesh stylization 
method known as “spherical shape analogy” that, as 
illustrated in Figures 19a to d, takes as input a sphere 
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Figure 12: Overhang optimization of a component for a post-tensioned floor system. Edges and faces that act as interfaces 

or are around the conduits are locked for protection. Showing the overhangs evaluated on the meshes and the sliced 
toolpaths before local optimization. A bridge with extreme local overhangs is highlighted. (The print is symmetric along the 

Z axis, so the optimization is performed only on the bottom half.)

𝐴𝐴, a style shape 𝐴𝐴′, an input mesh 𝐵𝐵 and outputs a 
stylized 𝐵𝐵′ such that “𝐴𝐴 is to 𝐴𝐴′ as 𝐵𝐵 is to 𝐵𝐵′” when 
we compare the normal directions of the same vertex 
before and after stylization. 

3.2. Overhang Optimization 

Given a desired maximal overhang angle 𝜃𝜃 , we 
design 𝐴𝐴′ as a spindle shape with the top and bottom 
having an overhang angle of 𝜃𝜃  (Figure 10a). The 
spherical analogy assigns vertices in 𝐵𝐵 that exceed 𝜃𝜃 
a new desired normal (𝑇𝑇, Figures 10b and c). Finally, 
an iterative optimization deforms the vertices of 𝐵𝐵 to 
form 𝐵𝐵′ (Figure 10d) with a minimized energy 

𝐸𝐸 = 𝐸𝐸𝑅𝑅 + 𝜆𝜆𝐸𝐸𝑁𝑁                         (1) 

where 𝐸𝐸𝑅𝑅  is the regularization energy that matches 
the input mesh, 𝐸𝐸𝑁𝑁 is the normal energy that matches 
the style, and 𝜆𝜆  is the strength parameter of the 
deformation. Case studies (Figure 10e and 11) show 
that the optimized surfaces have reduced overhang 
values (𝐻𝐻𝐵𝐵′ )  while the overall topology and the 
rigidity of local surface patches are preserved. To 
preserve the contact interface between the 
component/unit and its neighbors, boundary vertices 
are locked (highlighted in gray in 𝐷𝐷𝐵𝐵−𝐵𝐵′). 

Figure 12 offers a comprehensive example of 
overhang optimization on a component for a post-
tensioned floor system. The smooth sides of the 
mesh and the faces that act as conduits are locked in 

the optimization. The optimization algorithm is 
performed on 𝐵𝐵 three times, iteratively. As a result, 
the total weight of the vertices exceeding an 
overhang of 1.5 decreased from 0.39% to 0.14%, 
while that of 1.0 decreased from 0.87% to 0.38%. In 
the original mesh 𝐵𝐵 , an extreme bridge is formed by 
two “cliffs.” As the optimization algorithm deforms 
the vertices, the protruding cliffs are “smoothed out” 
to become straight (highlighted by the white arrows), 
thereby redistributing and reducing the extreme 
overhangs. A scaled fabrication model (see Section 
5) and a construction-scale concrete print show that 
the optimized bridge is now buildable. (Fabrication 
details are added to the toolpath for printing.) 

4. LOCAL OPTIMIZATION OF THE 
TOOLPATH FOR SURFACE QUALITY 

A printed component should be dimensionally 
accurate and have clean surface qualities to serve as 
part of a larger assembly and bond with additional 
reinforcements. Due to the mortar’s viscosity and the 
millimeter-to-centimeter-scale extruded section, 
prominent over/under-extrusion and deviation are 
easily formed at sharp turning angles [28] or dense 
toolpath areas and should thus be prevented. 

4.1. Curve Smoothing with Side and Curvature 
Constraints 

By replacing sharp turning points with fillet arcs, the 
toolpath curvature can be reduced to allow the 
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Figure 13: Smoothing of a polyline (gray) with (a) side 

constraint and (b) curvature constraint 𝜅𝜅𝑚𝑚𝑚𝑚𝑚𝑚 (right side) 
using the proposed algorithm 

 
Figure 14: Adjusted displacement of points for smoothing 

with right side constraint (single smoothing step) 

 
Figure 15: Polyline curvature estimation 

extrudate to stay in deposit locations [29]. By 
imposing a side constraint on the arc, the void on the 
desired side can also be preserved [6]. However, 
these point-by-point modifications are not 
compatible with polylines of dense turning points 
whose segment lengths are less than the minimal 
curvature radius 𝑅𝑅0 . We introduce an iterative 
optimization algorithm that smooths a polyline curve 
with side and curvature constraints (Figure 13). The 
NURBS toolpath curve is preprocessed as a polyline 
curve with equal or similar length segments by 
subdivision. The standard polyline smoothing 
algorithm updates a point 𝑃𝑃𝑖𝑖 as 𝑃𝑃𝑖𝑖 ← 𝑃𝑃𝑖𝑖 + 𝑓𝑓𝑖𝑖 using a 
displacement vector 

𝑓𝑓𝑖𝑖 = 𝑠𝑠0(𝑃𝑃𝑖𝑖−1 − 2𝑃𝑃𝑖𝑖 + 𝑃𝑃𝑖𝑖+1)/4             (2) 

where 0 ≤ 𝑠𝑠0 ≤ 1 is the strength parameter and 𝑃𝑃𝑖𝑖−1 
and 𝑃𝑃𝑖𝑖+1 are its neighboring vertices. To prevent the 
vertices from entering the locked side, we compute 
the permitted side normal 𝑛𝑛𝑖𝑖 and apply 𝑓𝑓𝑖𝑖 only if 𝑛𝑛𝑖𝑖 ⋅
𝑓𝑓𝑖𝑖 ≥ 0. If not, to create the fillet, 𝑓𝑓𝑖𝑖  is flipped and 
distributed to the two neighbors of 𝑃𝑃𝑖𝑖  as adjusted 
displacements 𝑓𝑓𝑖𝑖−1, 𝑓𝑓𝑖𝑖+1 (Figure 14). A curve with a 
sharp turning point is deformed to the permitted side 
by spreading the adjusted displacement iteratively. 
Therefore, the smoothing effect of the adjusted 
displacement grows more slowly than the raw 
displacement. To balance the two, if 𝑛𝑛𝑖𝑖 ⋅ 𝑓𝑓𝑖𝑖 ≥ 0, 𝑓𝑓𝑖𝑖 is 
penalized as 𝑠𝑠1𝑓𝑓𝑖𝑖 (with 𝑠𝑠1 = 0.05 implemented as a 
rule of thumb). As the polyline is smoothed, the 
length of the segments would change. Small 
segments are collapsed for acceleration. Algorithm 1 
gives the complete algorithm. 

Algorithm 1: Polyline smoothing 
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Figure 16: Overfill optimization at 𝑃𝑃𝑖𝑖. Using 𝑠𝑠2 strength after 𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 steps. The single-step results (gray, red) are twisted 

and stiff, while the low-strength, multi-step result (blue) is smoother and more symmetric 

 
Figure 17: Optimization of a toolpath curve that embeds two protected reinforcement zones

To impose a curvature constraint, we can displace a 
point only if it exceeds the designated curvature 
𝜅𝜅max. For a point 𝑃𝑃𝑖𝑖, we can treat its neighborhood 
𝑀𝑀𝑖𝑖 − 𝑃𝑃𝑖𝑖 − 𝑀𝑀𝑖𝑖+1  as a curve (𝑀𝑀𝑖𝑖  is the midpoint of 
segment 𝑃𝑃𝑖𝑖−1𝑃𝑃𝑖𝑖 , Figure 15). Denote the tangent 
vector at 𝑀𝑀𝑖𝑖 as 𝑡𝑡𝑖𝑖, by definition, the curvature can be 
approximated as 

𝜅𝜅𝑖𝑖 = d𝑡𝑡
d𝑥𝑥
≈ 𝑡𝑡𝑖𝑖+1−𝑡𝑡𝑖𝑖

�𝑀𝑀𝚤𝚤𝑃𝑃𝚤𝚤���������⃗ �+�𝑃𝑃𝚤𝚤𝑀𝑀𝚤𝚤+1���������������⃗ �
.                (3) 

However, as the polyline is smoothed, the segments 
have inconsistent lengths, and this 𝜅𝜅𝑖𝑖 becomes much 
smaller than the curvature of the maximum inscribed 
arc in this neighborhood (dashed in Figure 15, 𝑀𝑀𝑖𝑖 −
𝑃𝑃𝑖𝑖 − 𝑀𝑀𝑖𝑖

′  when |𝑃𝑃𝑖𝑖−1𝑃𝑃𝑖𝑖| ≤ |𝑃𝑃𝑖𝑖𝑃𝑃𝑖𝑖+1|) , causing the 
smoothing to stop in advance. A better estimation is 
thus 

𝜅𝜅𝑖𝑖 ≈
𝑡𝑡𝑖𝑖+1−𝑡𝑡𝑖𝑖

�𝑀𝑀𝚤𝚤𝑃𝑃𝚤𝚤���������⃗ �+�𝑃𝑃𝚤𝚤𝑀𝑀𝚤𝚤
′����������⃗ �

= 𝑡𝑡𝑖𝑖+1−𝑡𝑡𝑖𝑖
min(�𝑃𝑃𝚤𝚤−1𝑃𝑃𝚤𝚤�������������⃗ �,�𝑃𝑃𝚤𝚤𝑃𝑃𝚤𝚤+1�������������⃗ �)

.      (4) 

The smoothing of a vertex stops when it reaches the 
desired curvature without an adjusted displacement 
(Figure 13b), preserving the input shape. Thus, the 
smoothing algorithm fulfills the objective of filleting 

curves with dense turning points under side and 
curvature constraints. 

4.2. Overfill Optimization 

In addition to sharp turning points, overfill occurs 
when a part of the curve gets too close to another part, 
or a second curve. This happens frequently at 
branching/merging points of a porous geometry 
when sliced. While this can be alleviated by 
Booleaning the main toolpath with auxiliary patches, 
the method requires refined manual modelling. We 
propose an automated optimization method on such 
overfills using an iterative algorithm. Similar to 
curve smoothing, the algorithm runs on polyline 
curves with equal or similar length segments. Let 
𝑑𝑑min denote the desired minimal distance between 
two separate parts, which can be the same as or a 
little smaller than the extrusion width. In each step, 
as illustrated in Figure 16, a point 𝑃𝑃𝑖𝑖 is updated as 
𝑃𝑃𝑖𝑖 ← 𝑃𝑃𝑖𝑖 + 𝑔𝑔𝑖𝑖 using a displacement vector 

𝑔𝑔𝑖𝑖 = 𝑠𝑠2 ⋅
1

|𝑁𝑁𝑖𝑖|
∑ 𝑃𝑃𝚥𝚥𝑃𝑃𝚤𝚤��������⃗

�𝑃𝑃𝚥𝚥𝑃𝑃𝚤𝚤��������⃗ �(𝑑𝑑min−�𝑃𝑃𝚥𝚥𝑃𝑃𝚤𝚤��������⃗ �)�����������
𝑔𝑔𝑗𝑗,𝑖𝑖

𝑃𝑃𝑗𝑗∈𝑁𝑁𝑖𝑖          (5) 
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where 0 < 𝑠𝑠2 ≤ 1 is the strength parameter and 𝑁𝑁𝑖𝑖 
is the neighborhood of influence. 𝑁𝑁𝑖𝑖 is a subset of 

𝑅𝑅𝑖𝑖 = �𝑃𝑃𝑗𝑗 , 𝑖𝑖 ≠ 𝑗𝑗 | �𝑃𝑃𝚥𝚥𝑃𝑃𝚤𝚤������⃗ � < 𝑑𝑑min�,             (6) 

the set of points in the same layer that is within 𝑑𝑑min 
distance to 𝑃𝑃𝑖𝑖 . The adjacent points directly 
connected to 𝑃𝑃𝑖𝑖  through the curve should not 
influence 𝑃𝑃𝑖𝑖, therefore 

𝐶𝐶𝑖𝑖 = �
𝑃𝑃𝑗𝑗 ∈ 𝑅𝑅𝑖𝑖  | 𝑅𝑅𝑖𝑖 ∪ {𝑃𝑃𝑖𝑖} contains

a path between 𝑃𝑃𝑖𝑖 ,𝑃𝑃𝑗𝑗
�         (7) 

is subtracted to form the neighbor of influence as 
𝑁𝑁𝑖𝑖 = 𝑅𝑅𝑖𝑖 − 𝐶𝐶𝑖𝑖 . Equation (5) is designed after the 
observation that when |𝑁𝑁𝑖𝑖| ≤ 1 holds for all points, 
we can use 𝑠𝑠2 = 0.5 to get new polylines where the 
previously closest pairs become exactly 𝑑𝑑min apart. 
However, as the displacement vector 𝑔𝑔𝑖𝑖  is created 
additively on discrete sample points, the 
displacement magnitude becomes unpredictable, and 
its direction is contingent upon the distribution of the 
sample points. Therefore, we suggest using a small 
𝑠𝑠2  and repeat the optimization step 𝑛𝑛overfill  times. 
The results are compared in Figure 16. We use the 
RTree data structure [30] to efficiently solve 𝑁𝑁𝑖𝑖. For 
a moderate 𝑑𝑑min , the time complexity per step is 
𝑂𝑂(𝑛𝑛log𝑛𝑛) with 𝑛𝑛 being the number of sample points 
of that layer. Optimizations of the layers can be 
performed in parallel. Overfill optimization and 
smoothing with constraints help create overfill-free, 
dimensionally accurate toolpaths, thus improving the 
component’s interface with external reinforcement 
or other components (some of these scenarios: [31–
33]). Figure 17 illustrates a complete optimization 
example of a toolpath layer that embeds two 
rectangular reinforcements. The reinforcement areas 
are protected while overfills are reduced for 
optimized surface quality. 

5. BIDIRECTIONAL APPROACH BETWEEN 
DESIGN AND FABRICATION 

This section showcases the result of combining the 
synchronized surface-toolpath twins with the 
proposed optimization methods on the two parts. 
Three comprehensive examples are included, with 
workflow minimaps based on Figure 2. A scaled 
fabrication model (SFM) is a scale model 3D-printed 
using the same toolpath as in construction-scale 3D 
concrete printing to verify a toolpath design with 
minimal cost [34]. In this section, accompanying 
these examples, 1:12.5 scaled fabrication models of 
0.8 mm layer thickness are printed using an off-the-
shelf desktop printer (a Creality CR-10 printer with 

a 1.5 mm nozzle replacement) and PLA filaments. 

5.1. Conventional Design-to-Production 
Process with Optimization 

Figure 18 illustrates the design-to-production 
process of a discrete arch structure designed using 
polyhedral graphic statics (1). As shown in the 
minimap, the process follows the conventional 
forward direction. The springer component 𝑆𝑆, as a 
branching subdivision surface (2), is globally 
optimized to reduce its overhang angles (3). The 
toolpath curves 𝑇𝑇𝑇𝑇 are formed through rotary slicing 
(4) and are locally optimized to reduce extreme 
curvatures and overfilled areas (5). The fabrication 
result is visualized (6). 

5.2. Inverse Fabrication-Aware Design 

Following Section 5.1, Figure 19 incorporates the 
inverse direction of fabrication-aware design where 
connections, functional details, etc., can be precisely 
integrated. Plates for anchoring the springer brick are 
modeled as curves (7) and wrapped as a toolpath (8), 
which is then unioned with the existing toolpath (9). 
The connection-embedded toolpath is then smoothed 
for fabrication. The surface 𝑀𝑀′  representing the 
extruded volume is reconstructed (10) using the 
introduced method. 𝑀𝑀′ serves as the input for FEA 
that reflects both the bolt connection’s boundary 
condition and the internal void of the component (11). 
After FEA verifies the 3D printing scheme, the 
component is ready for printing and is visualized 
(12). The SFM shows the effectiveness of the bolt 
connections (Figure 20). 

5.2. Inverse Alternative Design and Fabrication 

Surface-toolpath twins offer a new design method 
that starts from customized curves. Figure 21 
illustrates an example where the surface-
reconstruction converts sparse sectional curves (1) 
wrapped as toolpath (2) into a continuous surface (3), 
which can be optimized (4) and then resliced (5) and 
printed (6) as desired. This method allows rapid 
modeling of continuous shell surfaces using minimal 
curve inputs from form-finding or manual design. In 
addition to 3D printing, the surface can also be 
realized through alternative fabrication methods 
such as casting, sheet metal forming, subtractive 
manufacturing, etc. ((7) in the minimap). Unlike in 
conventional curve-to-surface modeling techniques 
such as lofting or sweeping, the reconstructed 
surface is independent of the parameterization of the 
input curves, relying solely on the local proximity 
characteristics. The method can also reconstruct 
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Figure 18: Example of a discrete arch, forward direction: (1) form-finding using polyhedral graphic statics [35]; (2) input 
surface modeled by morphing a designed pattern; (3) overhang optimization on the input surface mesh; (4) sliced toolpath; 

(5) optimization of toolpath curves; and (6) visualization of the 3D printing fabrication 

 
Figure 19: Example of a discrete arch, backward direction: (7) fabrication-oriented design: additional connection to 

anchor bolts; (8) additional toolpath; (9) toolpath Boolean union and side-and-curvature-constrained smoothing to get a 
joint toolpath; (10) toolpath mesh of the extruded volume; (11) fabrication-aware analysis: FEA of the anchored component 

using Fusion 360; and (12) visualization of the 3D printing fabrication 

 
Figure 20: Scaled fabrication model of the discrete arch with 7 components. Each component takes around 1h 30 mins to 

print.
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Figure 21: Example of a shell component designed in the inverse direction using sparse sectional curves. Left: (1) 4 
unorganized sectional curves as input; (2) wrapped toolpath with layer information; (3) reconstructed surface without caps; 

(4) remeshed surface; (5) sliced toolpath with dense layers; and (6) visualization of the 3D printing fabrication. Right: 
scaled fabrication model. 

 
Figure 22: Example of a branching node designed in the inverse direction: (1) input curves created by mapping lofted 

curves on a skeleton and Boolean unioning each layer; (2) wrapped toolpath; (3) visualization of the 3D printing fabrication 
as a whole; (4) reconstructed surface; (5) modified surfaces as a discrete assembly; (6) oriented and sliced toolpaths; and 

(7) visualization of the 3D printing fabrication and assembly.

branching/porous surfaces from input layers with an 
inconsistent number of curves. (All curves are 
automatically organized in layers to form the input 
toolpath 𝑇𝑇𝑃𝑃in , where some layers can have more 
curves.) 

Another example shows how surface reconstruction 
serves as an intermediate between steps of the 
inverse design-to-fabrication workflow. Branching 

nodes are often seen in porous shells and lattice or 
frame structures, but the manifold surface of a 
branching node can be hard to model due to its 
complex topology. Figure 22 shows how by 
organizing sectional curves (1), a branching node 
can be modeled as a toolpath (2). Two fabrication 
options are presented: printing as a whole (3); or 
reconstructing the surface (4), trimming and splitting 
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Figure 23: Scaled fabrication models of the branching node in two configurations. 

 
Figure 24: Top: the component panel of Ovenbird 2 for Grasshopper®. Bottom: concise usage examples of the methods 

introduced in this paper.

it (5), and slicing (6) and printing (7) separately as a 
discrete assembly. The discrete assembly design is 
made possible by the reconstructed manifold surface, 
which can be altered freely. As an example, the 
branches are trimmed to have top faces 
perpendicular to the skeleton curves. The two 
fabrication schemes produce distinct results (Figure 
23). 

6. SOFTWARE IMPLEMENTATION 

Methods and algorithms introduced in this paper 
have been implemented as a plug-in software named 
Ovenbird 2 [36] within Grasshopper® for Rhino® 
(Figure 24). Different from Ovenbird 1 [6], which 
was written using a combination of Grasshopper 
visual programming and Python, Ovenbird 2 is 
developed purely in C# and is thus faster and more 
robust. It uses MIConvexHull [37] for Delaunay 
triangulation and Clipper2 [38] for polygon 
offsetting. Proposed optimization methods in 
Ovenbird 2 rarely take more than one second to 
complete, with surface reconstruction being the most 

time-consuming (see Figure 7). 

7. CONCLUSION 

The proposed design framework based on surface-
toolpath twins has successfully automated the 
toolpath design of several in-house 3D concrete 
printing projects. In these design research studies, 
porous shells with extreme geometric features 
(bridges, large-overhang edges, etc.) are efficiently 
modeled and optimized for fabrication. Fabrication-
aware optimization methods enhance the resolution 
of the printing and accommodate intricate forms, 
while the automated workflow extends the design 
scale previously limited by manual toolpath 
rationalization. 

The study contributes to the design workflow of 3D-
printed discrete concrete structures. The efficient 
buildability and surface quality optimization 
methods allow designers to plug and play different 
form-finding results, assess, optimize, and visualize 
their fabrication schemes in seconds. More 
importantly, with the bidirectional design-to-
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production framework, one can, inversely, leverage 
knowledge in fabrication design to model toolpath 
curves as sections, reconstruct surfaces, and merge 
them into form-finding and segmentation. In 
conclusion, the proposed framework broadens the 
design and fabrication possibilities for spatial shell 
structures through concrete 3D printing. 

Future work. The study can be extended by a review 
of fabrication-oriented toolpath design in 3D 
concrete printing constructions. To further 
consolidate the method, a comparative experimental 
study with large-scale constructions is desired. 
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